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a11
a21
a41
a61
⎫⎪⎪⎬⎪⎭ δ˙1 +
⎧⎪⎪⎨⎪⎩
a12
a22
a42
a62
⎫⎪⎪⎬⎪⎭ Δ˙1 +
⎧⎪⎪⎨⎪⎩
a14 + a12
a24 + a22
a44 + a42
a64 + a62
⎫⎪⎪⎬⎪⎭ δ˙4 +
⎧⎪⎪⎨⎪⎩
a16
a26
a46
a66
⎫⎪⎪⎬⎪⎭ δ˙6 =
⎧⎪⎪⎨⎪⎩
c1
c2
c4
c6
⎫⎪⎪⎬⎪⎭ .
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a11
a21
a41
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⎫⎪⎪⎬⎪⎪⎭ δ˙1 +
⎧⎪⎪⎨⎪⎪⎩
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a22
a42
0
⎫⎪⎪⎬⎪⎪⎭ Δ˙1 +
⎧⎪⎪⎨⎪⎪⎩
a14 + a12
a24 + a22
a44 + a42
0
⎫⎪⎪⎬⎪⎪⎭ δ˙4 +
⎧⎪⎪⎨⎪⎪⎩
0
0
0
1
⎫⎪⎪⎬⎪⎪⎭ δ˙6 =
⎧⎪⎪⎨⎪⎪⎩
c1
c2
c4
0
⎫⎪⎪⎬⎪⎪⎭ .
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0
a24 + a22
a44 + a42
0
⎫⎪⎪⎬⎪⎪⎭ δ˙4+
⎧⎪⎪⎨⎪⎪⎩
0
0
0
1
⎫⎪⎪⎬⎪⎪⎭ δ˙6 =
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c4
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⎫⎪⎪⎬⎪⎪⎭+
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1
0
0
0
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1
0
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⎫⎪⎪⎬⎪⎪⎭ δ˙4+
⎧⎪⎪⎨⎪⎪⎩
0
0
0
1
⎫⎪⎪⎬⎪⎪⎭ δ˙6 =
⎧⎪⎪⎨⎪⎪⎩
0
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0
⎫⎪⎪⎬⎪⎪⎭−
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0
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0
⎫⎪⎪⎬⎪⎪⎭Δ0.
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δ˙∗ = {δ˙1, Δ0, Δ˙2, δ˙4, δ˙5, 0, 0}.
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Abstract Fracture of a sandwich specimen loaded
with axial forces and bending moments is analyzed
in the context of linear elastic fracture mechanics. A
closed form expression for the energy release rate for
interface cracking of a sandwich specimen with isotro-
pic face sheets is found fromanalytical evaluation of the
J -integral. An approach is applied, whereby the mode
mixity for any combination of the loads can be calcu-
lated analytically when a load-independent phase an-
gle has been determined. This load-independent phase
angle is determined for a broad range of sandwich con-
ﬁgurations of practical interest. The load-independent
phase angle is determined using a novel ﬁnite element
based method called the crack surface displacement
extrapolation method.
The expression for the energy release rate is based on
the J -integral and certain stress distributions along the
ends of the sandwich specimen.When the stresses from
the crack tip interacts with the stresses at the ends, the
present analytical calculation of the J -integral becomes
inaccurate. The results show that for the analytically
J -integral to be accurate the crack tip must be a certain
distance away from the uncracked end of the specimen.
For a sandwich specimen with face sheet/core stiff-
ness ratio of 100, this distance is in the order 10 times
the face sheet thickness. For sandwich structures with
R. C. Østergaard (B) · B. F. Sørensen
Material Research Department, Risø National Laboratory,
Technical University of Denmark, Frederiksborgvej 399,
4000 Roskilde, Denmark
e-mail: rasmus.c.oestergaard@risoe.dk
face sheet/core stiffness ratio of 1,000, the distance is
30 times the face sheet thickness.
Keywords Energy release rate · Mode mixity ·
Delamination · Adhesive joints
1 Introduction
Sandwich structures ﬁnd their applications as structural
load bearing components in many areas.
Structures such as wind turbine blades, boats and aero-
nautical structures are examples where sandwich struc-
tures are used for load bearing purposes. For these
structures, the structural integrity is of major impor-
tance and under the presence of imperfections the load
bearing capacity can be reduced signiﬁcantly.
A sandwich structure is a three-layer structure com-
prising a low density and low modulus core material
between twohighmodulus face sheets. The coremainly
acts as a spacer keeping the face sheets spaced apart
and has a thickness 2–10 times the face sheet thick-
ness. This arrangement provides a structure with a high
bending stiffness (Zenkert 1995). Sandwich structures
are not the only type of three-layer structures. Another
common type of multilayers consisting of three lay-
ers is adhesive joints. Adhesive joints serve as a mean
to hold components together and transfer stresses
between them. The adhesive is typically a polymer
material and the adherents can be any solid that is
appropriate for adhesion (Kinloch 1987). In adhesive
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joints, the thickness of the adhesive is typically much
smaller than the thickness of the adherents. In the pres-
ent study we study delamination of three-layer spec-
imens. The results are applicable for both sandwich
structures and adhesive joints.
For sandwich structures, debonds (areas between the
face sheet and core with no adhesion) constitute an
important damage type that can lead to debonding crack
growth, i.e. crack growth in the interface between face
sheets and core. Interface cracking is generally mixed
mode cracking, i.e. both normal and shear stresses
develop just ahead of the crack tip (Williams 1959;
Rice 1988). Experiments have shown that the fracture
energy can depend on the mode mixity (Cao and Evans
1989; Wang and Suo 1990; Liechti and Chai 1992).
Consequently, a complete analysis requires the deter-
mination of both the energy release rate and the mode
mixity.
Earlier work on sandwich structure fracture
specimens include Carlsson and Prasad (1993) and
Prasad and Carlsson (1994) who analyzed sandwich
conﬁgurations where one face sheet was loaded by a
combined axial/transverse edge load and the other face
sheet was ﬁxed on a rigid plane. The mode mixity was
determined by numerical means for each sandwich and
each load situation. Several other sandwich specimens
also exist. For instance, the three point bend geometry
and the center notch ﬂexure geometry (Ratcliffe and
Cantwell 2001; Cantwell et al. 2000), however these
specimens does not allow for varying the mode mixity
through the loading. Østergaard et al. (2007) carried
out experimental measurements of interface fracture
toughness of sandwich structures and found that the
mode mixity has a signiﬁcant inﬂuence on the frac-
ture mechanism and the fracture toughness. Suo and
Hutchinson (1989) analyzed sandwich specimens with
core layer thickness much smaller than the face sheet
layers. They found that for moderate stiffness mis-
match, the difference in the mode mixity of the sand-
wich and the homogeneous specimen (i.e. without the
thin core layer)was relatively small.However, the differ-
ence increased as the stiffness ratio between the two
layers became large. Fleck et al. (1991) and Akisanya
and Fleck (1992) analyzed a sandwich with a small
core thickness and showed that under some conditions
the crack jumps between the interfaces resulting in a
wavy crack path. This phenomenon was also observed
in experiments.
The problem that we analyze in the present paper
is interfacial cracking of a symmetric sandwich spec-
imen. The specimen geometry is fairly general and
can represent a number of problems of great practi-
cal importance, such as adhesive joints and sandwich
structures. Our analysis is performed within the frame-
work of linear elastic fracturemechanics and comprises
calculation of energy release rate and mode mixity. For
sufﬁciently long specimens the energy release rate and
the mode mixity attain steady-state values. We calcu-
late these steady-state values as function of loading,
the thickness and stiffness parameters. Emphasis will
be given to cases where the face sheets are much stiffer
than the core, since this is often the case in sandwich
structures. An analysis will quantify how long the spec-
imen must be before the mode mixity and energy re-
lease rate attain steady-state values.
The present paper is organized as follows. First, we
will specify the problem. Next we give a short sum-
mary of fracture mechanics for cracks along the inter-
face between two elastic dissimilar materials. Then,
we analyze the problem shown in Fig. 1, recasting it
as a reduced problem that is solved in terms of energy
release rate, G, and mode mixity, ψ . The solution is
analytical apart from one load-independent parameter,
ω, which is found by numerical means. Hereafter fol-
lows an investigation regarding the inﬂuence of length
of the specimen on the validity of the presented equa-
tions. Then follows an application example. Finally,
major results are summarized.
First, the problem is deﬁned.We analyze a unitwidth
sandwich specimen of length L with and a crack of
length a starting at x1 = −a, x2 = 0 (see Fig. 1).
The face sheets have the same thickness, H , and the
thickness of the core is denoted h. The sandwich spec-
imen is loaded along its edges by moments pr. unit
width Mk , k = 1, 2, 3 and by forces pr. unit width Pk ,
k = 1, 2, 3. In the ﬁrst part of the analysis a/H  1
and L/(2H + h)  1 so that the crack tip is remote
from the ends of the specimen. Under these conditions,
the energy release rate and mode mixity attain steady-
state values.
2 Mechanics of interface cracks
Eachof thematerials in thesandwichspecimenare taken
to be isotropic and linear elastic. Let the elastic
123
Interface crack in sandwich specimen 303
M1
M2
M3
P1
P2 P3
Neutral axis
a
δ
x1
x2
L
H
H
hcore #1
#2
#2
face sheet
face sheet
Fig. 1 Interface cracking of a sandwich specimen with equal thickness face sheets is analyzed. Material numbers are shown
properties of the materials be given by the shear mod-
ulus μm and the Poisson’s ratio νm , where subscript m
takes thevalue1 for the core and2 for the face sheets.As
shown by Dundurs (1967, 1969) under certain restric-
tionsthestressﬁeldinatwo-dimensionalbimaterialbody
depends only on two non-dimensional combinations of
the elastic moduli. Deﬁning κm = 3 − 4νm for plane
strain andκm = (3 − νm)/(1 + νm) for plane stress, the
Dundurs parameters can be expressed as
α = μ1(κ2 + 1) − μ2(κ1 + 1)
μ1(κ2 + 1) + μ2(κ1 + 1) and
β = μ1(κ2 − 1) − μ2(κ1 − 1)
μ1(κ2 + 1) + μ2(κ1 + 1) . (1)
Alternatively, α can also be expressed as
α =  − 1
 + 1 , (2)
where  is the ratio between the Young’s modulus for
the core and the face sheets, respectively
 = E¯1/E¯2, (3)
where E¯m = Em for plane stress and E¯m = Em/(1 −
ν2m) for plane strain. Here, Em denotes the Young’s
modulus of material number m. In some of the results
in the present work α will be used and in other results
 will be used.
Just ahead of the crack tip (θ = 0◦, see Fig. 2) the
stresses are dominated by a singular stress ﬁeld of the
form (Rice 1988):
σ22 + iσ12 = 1√
2π
Kr i−1/2, (4)
where K = K1 + iK2 is the complex stress intensity
factor, i = √−1, r is the radial distance along the x1-
axis and  is the oscillatory parameter given as
 = 1
2π
ln
(
1 − β
1 + β
)
.
Thecrackopening componentsun are deﬁned from
the displacements un of two material points coinciding
in the un-deformed state
un = un(r, θ = 90◦) − un(r, θ = −90◦),
where n takes the values 1 and 2, that refers to the
direction in the coordinate system in Fig. 2. The crack
opening components are related to the complex stress
intensity factor, K , through
u2 + iu1 = c1 + c2
2
√
2π(1 + 2i) cosh(π)Kr
i+1/2,
(5)
where
cm = κm + 1
μm
.
Note that (5) predicts interpenetration of crack faces
close to the crack tip. However, as discussed elsewhere
(Rice 1988), the contact zone is usually small and can
be neglected. The energy release rate can be related to
the complex stress intensity factor through (Rice 1988):
G = c1 + c2
16 cosh2(π)
|K |2 (6)
and here |K | is the modulus of K .
For an interface problem the mode mixity is deﬁned
as the phase angle of Kl i
ψ = tan−1
[(Kl i)
(Kl i)
]
, (7)
where l is an arbitrary chosen length parameter and ,
 denote the imaginary and real parts, respectively. In
the forthcoming analysis the parameter l is set equal to
the thickness of the core, h.
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Fig. 2 Deﬁnition of crack
face opening components Δu1
Δu2
x1
x2
#1
#2
r
θ
3 Analysis
3.1 The reduced problem
We now turn towards the speciﬁc problem outlined in
Fig. 1. We wish to determine energy release rate, G,
and mode mixity, ψ , as function of the load, geometry
and stiffness parameters. The crack-tip is assumed to
be remote from the ends, i.e. L/(2H + h)  1 and
a/H  1, whereby we ensure that the stresses at the
ends are uniform (independent of x1). Then, G and
ψ are independent of a and L . Later, in Sect. 4.4, we
determine speciﬁc conditions under whichG andψ are
independent of a and L .
Following the procedure by Suo and Hutchinson
(1990) we transform the general load situation to a re-
duced problem. First, by static moment and force equi-
librium requirements, it is clear that two of the six loads
are static determined. For instance, we can express P2
and M2 by P1, M1, P3 and M3 as follows
P2 = P1 − P3
and
M2 = P1
(
3H
2
− h − δ
)
− P3
(
H + h
2
− δ
)
+M1 − M3,
where δ is the distance from the bottom of the bilayer
beam to the neutral axis.
Next, we recognize that the crack tip stress ﬁeld of
the original problem contains stress singularities in the
stress components σ22 and σ12. Then, we notice that the
stress ﬁeld of the intact sandwich specimen (Fig. 3b)
only contains stress components parallel to the crack
(only σ11 = 0 under plane stress and only σ11 = 0 and
σ33 = 0 under plane strain). Therefore, we can super-
impose the stress ﬁeld of the intact sandwich specimen
(Fig. 3b) to the stress ﬁeld of the original problem with-
out altering the stress components σ22 and σ12. Thus,
the stress components σ22 and σ12 of the reduced prob-
lem (Fig. 3c) are identical to that of the original prob-
lem (Fig. 3a). It follows that the stress singularity at the
crack tip of the original problem depends only on the
load parameters P and M of the reduced problem:
P = P1 −
∫ H
0
σ11(x2)dx2
(8)
M = M1 −
∫ H
0
σ11(x2)
(
x2 − H2
)
dx2
where the stress σ11(x2) is obtained from Hooke’s law
in material #2 σ11 = E¯211,3, where 11,3 denotes the
11 strain in the uncracked beam end. The strain distri-
bution in the ends of the specimen is given in Appendix
A. Calculating the integrals in (8) we get
P = −P1 + C1P3 + C2M3/h
M = −M1 + C3M3, (9)
where C1, C2 and C3 are dimensionless constants that
depend on the stiffness parameter  and the thickness
ratio
η = h/H. (10)
The C’s are given by
C1 = 1A3η , C2 =
1
2I3
(
1
η
+ 1
η2
)
andC3 = 112I3η3 ,
where A3 and I3 are given in Appendix A.
Equilibrium is obtainedwith a reactingmoment (see
Fig. 3c):
M∗ = P
(
3H
2
+ h − δ
)
= Phχ + M,
where χ = 32η + 1 −  and
 = δ/h = 1 + 2η + η
2
2η(1 + η) .
3.2 Analysis of the reduced problem
The reduced problem is speciﬁed in terms of six param-
eters, P , M , H , η,  and β. It is possible, by the use of
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Fig. 3 By superimposing
the stress ﬁeld in (b) on the
stress ﬁeld of the original
problem (a) the stress ﬁeld
of a reduced problem (c) is
obtained
M1
M2
M3 M3
M3
P1
P2
P3 P3
P3
M
P
P
M∗
δ
(a)
(b)
(c)
linearity and dimensionality arguments as those used
by Thouless et al. (1987) on a homogeneous speci-
men, to express the dependency of most parameters
analytically. First, we note that, in accordance with (6),
the complex stress intensity factor must have the SI
units Pa m
1
2−i
. Furthermore, since the model is made
within linear elasticity, the stress intensity factors can
be written as a linear combination of P/H and M/H2,
K = K1 + iK2 =
[
P
H
z1 + MH2 z1
]
H1/2−i, (11)
where z1 and z2 are (presently unknown) non-dimen-
sional complex numbers that depend on  (or α), β
and η, but not on P , M and H .
It turns out to be convenient to write z1 and z2 in
polar form
z1 = e
iω
√
U
and z2 = ie
(ω+γ )
√
V
, (12)
where ω and γ are phase angles and 1/
√
U and 1/
√
V
are the magnitude of z1 and z2, respectively. Then, the
complex stress intensity factor can be written as
K = P e
iω
√
U
H−1/2−i + M e
i(ω+γ )
√
V
H−3/2−i, (13)
where ω, γ , U and V are non-dimensional parameters
that depend on , β and η but not on P and M.
Three of the four unknown non-dimensional param-
eters can be determined analytically by analyzing three
different load combinations. First, G is calculated by
the J -integral along the external boundaries of the spec-
imen with P = 0 and M = 0 using the strain distribu-
tions given in Appendix A. The result is
G = 1
2E¯2
P2
h
{
1
A1
+ 1
A2
+ χ
2
I2
}
, (14)
where A1, A2 and I2 are constants given in Appendix
A.
With P = 0 and M = 0, K from (13) becomes
K1 + iK2 = P
H1/2
√
U
ei(ω− ln H), (15)
so that
|K |2 = K K¯ = P
2
HU
Inserting
∣∣K 2∣∣ into (6) gives G. Setting this equation
for G equal to (14) gives U according to
1
U
= 1
A2
+ 1
A1
+ χ
2
I2
.
Next, following the same procedure for a load combi-
nation with P = 0 and M = 0 gives V as
1
V
= 1
I2
+ 1
I1
.
Finally, the energy release rate for any combination of
P and M can be written as
G = c2
16
(
P2
hU
+ M
2
h3V
+ 2 PM√
UVh2
sin γ
)
, (16)
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where
sin γ = χ
I2
√
UV .
In Eq. (13) the only remaining unknown parameter is
the phase angel ω. The load-independent phase angle
ω depends on the material parameters ( and β) and
the geometry (η) but not on the load parameters P and
M .
In the general, caseω must be determined by numer-
ical means. In the present work, ω is determined using
a novel method called Crack Surface Displacement
Extrapolation (CSDE) method. The method calculates
modemixity basedoncrackopening components found
with the Finite Element Method (FEM). The CSDE
method, which is described in detail in Appendix B,
has also been implemented in a parallel study (Berggren
et al. 2007).
Once ω(, β, η) is determined, the singularity at
the crack tip is characterized in terms of K . However,
from an experimental point of view, a more practical
measure of the singularity is comprised by the energy
release rate, G, together with the mode mixity, ψ, that
is related to K via (7). Combining (5), (6), (7) and (16),
while setting l = h, the mode mixity is expressed as
ψ = tan−1
[
λ sin ω − cos(ω + γ )
λ cos ω + sin(ω + γ )
]
, for M = 0,
(17)
ψ = ω, for M = 0,
where λ is a non-dimensional load parameter
λ =
√
V
U
Ph
M
.
4 Results
4.1 Checking the CSDE method
The accuracy of the CSDE method is checked against
two problems for which mode mixity solutions exist.
A problem that has an analytical solution is a homo-
geneous DCB specimen loaded by moments on the
one beam and on the uncracked end of the specimen
(Fig. 4a). The actual combination of moments gives the
exact mode mixity value ψ = tan−1(√3/4) ≈ 40.89◦
(Hutchinson andSuo1992).Applying theCSDEmethod
to a FEM solution, we obtain ψ = 40.85◦.
(a) (b)
Fig. 4 Two problems with known solutions for the mode mixity,
ψ . (a) A homogeneous DCB specimen loaded by moments on
the one beam and on the uncracked end. (b) A bimaterial with an
interface crack loaded by moments on both the cracked beams
Another example is a bimaterial structure, which
was solved by Suo andHutchinson (1990) (see Fig. 4b).
The materials in the bimaterial structure are speciﬁed
by α = 0.8 and β = 0.2. The beams have the same
thickness. The structure is loaded by equal sized mo-
ments on the each of the cracked beams. The solution
by Suo and Hutchinson (1990) gives ψ = 22.77◦. The
CSDE method gave ψ = 22.91◦.
In addition, for all sandwich problems analyzed in
the current work a consistency check was made; the
energy release rate computed with the CSDE method
was compared with the energy release rate calculated
analytically with (16). For all the presented solutions
the deviation was less than 0.5%.
The load independence of ω was checked for a few
cases by analyzing two different load combinations on
the same sandwich. For a sandwich specimen with η =
10,  = 0.001 and β = −0.4, the difference between
ω extracted from a case with M = 0 and P = 0 and a
case where M = 0 and P = 0 was less than 0.05◦.
4.2 Sandwich specimens with zero thickness core
An important class of three-layered structures forwhich
H  h is adhesive joints. Consequently, the analysis of
a sandwich specimen with very thin core η = h/H →
0 is of special interest. Here, we estimate ω for η = 0
by linear extrapolation to η = 0 using values of ω for
η = 0.1 and η = 0.15. Values of ω determined by this
simple method is shown in Table 1 for different values
of the mismatch parameters  and β.
In order to check the accuracy of this extrapolation
methodwecomparewith results fromthe literature.Suo
andHutchinson (1989) analyzed a sandwich specimens
with “zero” thickness core for materials with moderate
elastic mismatch (|α| ≤ 0.8). However, in that study, a
shift angle ω∗ was deﬁned slightly different than here;
the relation between ω used in the present paper and ω∗
is ω∗ = ω + γ − 90◦. In Fig. 5, ω∗, determined with
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Table 1 Load-independent phase angle ω (in degrees) calculated for different values of the mismatch parameter  and β for η = 0
β  = 0.1  = 0.05  = 0.01  = 0.005  = 0.001
0 34 29 20 17 13
−0.1 31 28 23 21 19
−0.2 27 25 22 21 21
−0.3 21 20 18 17 18
−0.4 14 12 11 10 10
Fig. 5 The shift angle
ω∗ = ω + γ − 90◦
determined for sandwich
specimens with thin core.
The dashed line shows the
extrapolation to η = 0
through the values found at
η = 0.1 and η = 0.15
ω
∗ [
◦ ]
η = h/H
α = 0.8
α = 0.4
α = 0.0
Table 2 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 0.2
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 27.1 26.1 24.4 23.9 23.0
−0.3 34.6 34.2 31.8 30.5 28.5 27.6 26.4
−0.2 39.7 38.9 35.7 33.9 30.8 29.9 28.4
−0.1 44.2 43.1 38.6 36.1 31.5 30.2 28.0
0.0 48.3 46.7 40.1 36.0 27.7 24.8 19.7
our method, is plotted as function of η for three values
of α and with β = 0. The dashed lines indicate linear
extrapolation to η = 0 using the values found at η =
0.15 and η = 0.1. The results fromSuo andHutchinson
(1989) are ω∗(α = 0) = 0◦, ω∗(α = 0.4) = −4.7◦
and ω∗(α = 0.8) = −14.3◦. Our results agree with
themwith an accuracy better than 0.5◦.
4.3 The phase angle, ω, calculated for sandwich
specimens with ﬁnite core thickness
Tables 2–9 present ω for a wide range of material com-
binations and face sheet/core thickness ratios relevant
for engineering purposes.
Some selected results are shown in Fig. 6;ω is shown
as function of  and η. First, focus on the result for
β = 0 (solid lines). With β = 0 it follows from (4) and
(7) that the real and imaginary parts of the complex
stress intensity factor reduce to classical mode I and
mode II stress intensity factors. Then, ω can be under-
stood as the phase angle of classical stress intensity
factors for a specimen loaded with an axial force, so
that ω = 0◦ corresponds to pure mode I and ω = 90◦
is pure mode II. For  close to unity, ω is not very
sensitive to η; indeed, for  → 1 the results for all η
appear to converge towards the same value. This value,
ω = 49.1◦, which is shown by an arrow in Fig. 6, is the
value obtained for the symmetric, homogeneous DCB
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Table 3 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 0.5
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 36.1 35.7 37.0 35.6 31.4
−0.3 38.9 39.6 39.9 39.2 38.5 37.1 33.4
−0.2 43.3 43.7 43.2 41.9 39.0 37.0 34.2
−0.1 47.3 47.4 45.7 43.8 36.7 37.0 33.2
0.0 51.0 50.7 47.4 44.4 33.1 33.6 27.1
Table 4 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 1
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 42.7 43.7 42.8 41.7 38.9
−0.3 40.9 42.7 46.3 46.8 45.0 43.6 40.1
−0.2 45.2 46.8 49.5 49.5 46.6 44.7 40.4
−0.1 49.3 50.5 52.3 51.7 47.3 44.9 39.3
0.0 53.1 54.1 54.6 53.2 46.7 43.3 35.1
Table 5 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 2
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 47.3 50.3 52.7 52.0 48.6
−0.3 41.9 44.3 51.0 53.5 54.7 53.5 49.3
−0.2 46.3 48.5 54.4 56.5 56.4 54.7 49.4
−0.1 50.5 52.5 57.7 59.2 57.7 55.4 48.7
0.0 54.6 56.3 60.7 61.6 58.4 55.3 46.5
Table 6 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 4
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 49.3 53.8 60.7 61.8 60.1
−0.3 42.3 45.0 53.2 57.3 62.9 63.4 60.6
−0.2 46.8 49.3 56.9 60.5 64.9 64.8 60.8
−0.1 51.1 53.4 60.4 63.6 66.8 66.1 60.6
0.0 55.3 57.4 63.9 68.4 68.4 67.1 59.8
specimen ( = 1, η = 0). With ω close to 45◦, the
mode II and mode I stress intensity factor are almost
of the same magnitude.
With decreasing , the values of ω become sensi-
tive to η. For large η values, ω increase with decreasing
. For instance, for η = 10, ω ≈ 75◦ for  = 0.001.
Thus, for large η, the decreasing  results in the crack-
tip stress ﬁeld becoming more mode II. For η → 0,
the opposite trend is found. Here, ω decreases with
decreasing , corresponding to a more mode I domi-
nant crack-tip stress ﬁeld.
Figure6 also includes a few results for β = −0.3.
Those results differ from those obtained for β = 0,
suggesting that the dependence of ω on β is signiﬁ-
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Table 7 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 6
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 49.7 54.7 63.5 65.7 66.6
−0.3 42.4 45.1 53.7 58.3 65.8 67.4 67.0
−0.2 46.9 49.5 57.5 61.6 68.0 69.1 67.4
−0.1 51.2 53.7 61.2 64.9 70.1 70.6 67.6
0.0 55.5 57.7 64.7 68.1 72.2 72.1 67.4
Table 8 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 8
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 49.9 55.1 64.7 67.5 70.3
−0.3 42.4 45.2 53.9 58.7 67.1 69.4 70.8
−0.2 47.0 49.5 57.8 62.1 69.5 71.2 71.3
−0.1 51.3 53.8 61.5 65.4 71.7 72.9 71.7
0 55.6 57.9 65.1 68.7 73.9 74.5 71.9
Table 9 The phase angle ω (in degrees) computed with different values of the mismatch parameters  and β for a specimen with
thickness ratio η = 10
β : 0.5 0.1 0.05 0.01 0.005 0.001
α: −1/3 −1/2
−0.4 50.0 55.3 65.4 68.5 72.6
−0.3 42.4 45.2 54.0 58.9 67.9 70.5 73.2
−0.2 47.0 49.6 57.9 62.4 70.3 72.3 73.8
−0.1 51.3 53.8 61.6 65.7 72.6 74.2 74.3
0 55.6 57.9 65.3 69.0 74.8 75.9 74.8
cant, except for small . However, for large , the
effect of β on ω is complex, see Tables 2–9.
4.4 Lengths of sandwich specimens
As mentioned, the analytical expression for the energy
release rate (16) is derived by evaluating the J -integral
along the exterior boundaries of the specimen using the
stress ﬁeld corresponding to loading by moments and
axial forces. However, this distribution of the stresses
is only true when the stress ﬁeld from the crack tip is
far from the ends of the specimen. For short specimens,
the crack tip stress ﬁeld reaches the boundaries along
which the J -integral is evaluated. Since this is not taken
into account in the analytical result (16), the analyti-
cal G will deviate from the true J -integral value. For
material combinations with small elastic mismatch this
problem is not very pronounced since the stress ﬁeld
at the crack tip is conﬁned to a small region around the
crack tip. For materials with larger elastic mismatch,
the extension of this zone is signiﬁcantly larger. Fig-
ure7 shows how the material mismatch parameter 
affects the stress ﬁeld. From the ﬁgure it is clear that
the stress ﬁeld elongates, in particular towards the un-
cracked end of the specimen, as the elastic mismatch
between core and face sheet becomes larger.
Consequently, when choosing the dimensions for a
test specimen, it is crucial that the specimen is sufﬁ-
ciently long, so that the stresses along the ends of the
sandwich are unaffected by the stresses from the crack
tip, so that the results in Sects. 3 and 4 apply. For
this purpose we have established a novel method that
estimates the maximum deviation between the analyt-
ical energy release rate (16) (here denoted Gana) and
the true energy release rate Gtrue. We calculate Gtrue
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Fig. 6 The
load-independent phase
angle ω as function of the
elastic mismatch parameter
 for a number of different
thickness ratios. The arrow
indicate the value
corresponding to a
symmetric, homogeneous
DCB specimen loaded by an
axial force
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Fig. 7 The shear stress
contours
σ12H/P = 0.1, 0.05, 0.01
for a sandwich specimen
with η = 1, β = −0.2 and
 = 0.5, 0, 05 and 0.005,
respectively
from a FEM solution with the CSDE method. First, the
method determines the load combination that results in
the largest deviation between Gana and G true and then
it calculates an relative error ξ =
∣∣∣Gana−GtrueGtrue
∣∣∣ for this
combination of the loads. Details on the procedure is
found in Appendix C. Figure8a–d shows curves for the
intact length of the specimen, (L −a)/H , that gives an
error ξ = 0.05.
The curves show that for  > 0.01, the length of
the intact part of the sandwich specimen must be larger
than 10H to ensure that the error, ξ , stays below 5%.
This holds for all analyzed values of η ≤ 8. For an
elastic mismatch  = 0.001, (L − a) must be larger
to ensure low errors on G. For instance, a sandwich
speciﬁed by η = 1,  = 0.001 and β = 0 an error
ξ = 5% is found for (L − a)/H = 27.
It was found that the error, ξ , is strongly dependent
on (L − a)/H and a small change of (L − a) changes
ξ signiﬁcantly. Increasing (L − a) with 2H, typically
results in an error that is practically zero; vice versa,
reducing the length with 2H results in large deviations
on G.
As seen inFig. 7 the stressﬁeld also elongates slightly
towards the cracked end of the specimen (x1 = −a).
However, an investigation showed that errors above 1%
does not appear for a/H > 4.
5 Example: a method for measuring interfacial
fracture toughness of sandwich specimens under
mixed mode loadings
It is well known from experiments and modeling works
that the fracture toughness of weak interfaces can de-
pend on the mode mixity (Cao and Evans 1989;
Wang and Suo 1990; Liechti and Chai 1992;
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Fig. 8 The curves show normalized lengths of the intact part of the sandwich specimen that gives 5% error in the energy release rate
calculated by (16)
Tvergaard and Hutchinson 1993). A detailed fracture
mechanical characterization of the interfacewould thus
include measuring interfaces under various mode mix-
ities.
Inspired by Sørensen et al. (2006), we propose a test
set-up for measuring the interfacial fracture toughness
for face sheet/core debonding under mixed mode load-
ing conditions. The test is based on a double cantilever
beam sandwich specimen loaded with uneven bending
moments (DCB-UBM). The moments are applied by a
wire/roller system at the cracked ends of the specimen.
The uncracked end is supported by rollers maintaining
static equilibrium. Figure9 shows a sketch of the test
set-up. The force in the wire is assumed to be the same
everywhere and the applied moments are then deter-
mined solely from the wire force, F , and the moment
arms, 1 and 2. The ratio between the appliedmoments
are 1
2
and this ratio is altered by changing the distance
between the rollers on each arm.
The imposed loading consists of the moments M1,
M2 and M3 = M1 − M2 and is a special case of the
load situation analyzed above (P1 = P2 = P3 = 0).
For this load combination the energy release rate is
G = c2
16h3
(
M21
I1
+ M
2
2
I2
− (M1 − M2)
2
I3
)
.
The mode mixity is obtained from (17) where now λ
becomes
λ =
√
V
U
M1
M2 C2 − C2
M1
M2 (C3 − 1) − C3
. (18)
As an example, consider an adhesive joint consist-
ing of aluminum adherents having the elastic constants
E2 = 70GPa, ν2 = 0.3 and epoxy adhesivewith the the
elastic constants E1 = 7GPaandν1 = 0.3.Assume that
η = h/H = 0.1. Assuming plane strain conditions,
(2) and (1) give  ≈ 0.1 and β = −0.28 ≈ −0.3,
respectively. From Table 1 we ﬁnd ω( = 0.1, β =
−0.3, η = 0) = 21◦ and from Table 2 we obtain
ω(0.1,−0.3, 0.2) = 32◦. By linear interpolation be-
tween these two values we ﬁnd an estimate of the phase
angleω(0.1,−0.3, 0.1) ≈ 26.5◦.
Havingdeterminedω,weobtain the load ratio param-
eter λ from (18). Then, we can determine ψ for any
combination using (17). The mode mixity is shown as
function of the ratio between the moments in Fig. 10.
As a second example, consider a sandwich specimen
with a polymer foam core (E1 = 200MPa, ν1 = 0.3)
and glass ﬁber face sheets (E2 = 40GPa, ν2 = 0.3).
Assuming plane strain conditions, (2) and (1) gives≈
0.005 and β = −0.28 ≈ −0.3. Here we assume η = 5.
123
312 R.C. Østergaard, B.F. Sørensen
Fig. 9 Test setup for
measuring fracture
toughness of sandwich
structures under face sheet
core debonding; uneven
bending moments are
applied to a sandwich
structure
12
F
Fig. 10 The mode mixity
as function of the ratio
M1/M2 for an adhesive
joint (dashed line) and a
sandwich specimen (solid
line). The adhesive joint is
characterized by η = 0.1,
 = 0.1 and β = −0.3. For
the sandwich specimen
these constants are η = 5,
 = 0.01 and β = −0.3.
Arrows indicates asymptotic
values for |M1/M2| → ∞
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−60
−30
0
30
60
90
−5 0 5
ψ
[◦
]
M1/M 2
M2 < 0
M2 > 0
Adhesive joint Sandwich specimen
From Table 6 we ﬁnd ω(0.005,−0.3, 4) = 63.4◦ and
from Table 7 we ﬁnd ω(0.005,−0.3, 6) = 67.4◦,
respectively. Now by interpolating we ﬁnd for η = 5
that ω(0.005,−0.3, 5) = 65.4◦.
It is seen in Fig. 10 that the entire mode mixity range
−90◦ ≤ ψ ≤ 90◦ can be obtained for the DCB-UBM
sandwich specimen simply by changing the moment
ratio, M1/M2. For both examples, most of the varia-
tion in ψ occurs for |M1/M2| < 1. The curves for
the sandwich specimen and the adhesive joint differ
considerably. For ψ < −25◦ and ψ > 60◦ there is a
relative large difference in the required moment ratio
of the two examples. A plot like Fig. 10 is useful if we
wish to select the moment ratio, M1/M2, for a desired
ψ .
6 Discussion
The problem analyzed in the present paper covers any
load situation consisting ofmoments and normal forces
applied to the ends of the sandwich structure. Never-
theless, the analysis does not include effects of trans-
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verse forces that are also of major importance in many
practical applications. This has the implication that the
moment applied to the sandwichmust be puremoments
and cannot be introduced by a transverse force. In the
presence of a transverse shear force, the analysis be-
comes more comprehensive. Then, the energy release
rate is dependent on β, the crack length and numerical
calculation of corrections for the energy release rate
must be determined Li et al. (2004). Furthermore, an-
other phase angle must be calculated for the transverse
force. An extension of the present analysis to include
the effect of transverse forces would be of great inter-
est and would complete the analysis of fracture of the
sandwich specimen.
7 Summary and conclusions
In the presentwork, some aspects of debonding of sand-
wich structures have been analyzed within the frame-
work of linear elastic fracture mechanics.
The problem of a delaminated sandwich structure
loaded with end-loads and moments was recast into
an equivalent, reduced problem consisting of only two
independent load parameters. The energy release rate
was evaluated and presented in closed-analytical form
by evaluation of the J -integral. Furthermore, a load-
independent phase angle was introduced so the mode
mixity could be determined for any combination of the
loads. This phase angle was computed for a number of
relevant sandwich conﬁgurations using a novel CSDE
method.
The analytical results were based on classical beam
theory. This is an exact solution for long specimens.
However, for short specimens, the stresses at the ends
of the sandwich specimen are affected by the crack tip
stress ﬁeld. Then, the present analysis is not strictly
applicable. An analysis was made to determine min-
imum specimen length for which the analytical solu-
tion for the energy release rate and mode mixity are
accurate. For sandwich specimens with moderate elas-
tic mismatch between face sheets and core the results
are fairly accurate unless the uncrackedpart of the sand-
wich becomes shorter than 10H . For materials with
very large elastic mismatch, the uncracked part of the
sandwich specimen must be signiﬁcantly longer.
Appendix
A The stress along the edges of a sandwich
containing an interface crack
In order to evaluate the J -integral, the stresses along the
beam end-sectionsmust be known. Three end-sections,
denoted k = 1, 2 and 3, respectively, are considered:
at x1 = −a and x2 > 0 (k = 1), x1 = −a and x2 < 0
(k = 2), x1 = L − a (k = 3). The sandwich speci-
men is loaded by moments Mk and normal forces Pk
(k = 1, 2, 3). The strain, 11,k , along the beam end-sec-
tion, k, where Mk and Pk act, can be found from classic
beam theory which is an exact solution when no shear
stresses are present
11,k(yk) = Pk∫
yk E dyk
+ Mk∫
yk y
2
k dyk
yk
= Pk
E¯2hAk
+ Mk
E¯2h3 Ik
yk,
where yk is the distance from the neutral axis of section
number k. That is y1 = x2−H/2, y2 = x2+H +h−δ
and y3 = x2+h/2, see Fig.A.1. Mk and Pk are positive
as deﬁned in Figs. 1 and A.1. The stresses are found
according to Hooke’s law σ11(yk) = E¯(yk)11(yk),
where the appropriate E¯ must be used (E¯1 for −h ≤
x2 ≤ 0 and E¯2 otherwise).
For k = 1 the constants involved in the strain expres-
sion are
A1 = 1
η
and I1 = 112η3 .
For k = 2 the strains are calculated using Suo and
Hutchinson (1990):
A2 = 1
η
+ 
I2 = 13η3 +

η
(
−1
η
)
+
[(
1
η
−
)2
+
(
1
η
− 
)
+ 1
3
]
.
For k = 3 we ﬁnd
A3 = 2
η
+  and I3 = 2
η3
+ 3
2η
+ 3
η2
+ 
4
.
B Extracting the mode mixity and energy release
rate from a ﬁnite element model
The complex stress intensity factor is related to the
crack displacement components via (Fig. 2). Rewriting
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Fig. A.1 Deﬁnition of
coordinate axis y1, y2 and
y3 for sections k = 1, k = 2
and k = 3, respectively
M1
M2
M3
P1
P2
P3
δ
y1
y2
y3
x1
x2
k = 1
k = 2
k = 3
H
H
h
(Fig. 2) to modulus-argument form we get
u1 + iu2 = |u|eiφ
= c1 + c2
2
√
2π
√
1 + 42 cosh π Kr
i+1/2e−iϕ,
(B.1)
where ϕ = tan−1 2, |u| =
√
u21 + u22 and φ is
the phase angle of the openings given by
φ = arctan u1
u2
.
Now, by combining (B.1) with (7) we get the mode
mixity
ψ = φ −  ln r/ l + arctan 2.
Furthermore, by combining (B.1) with (6) we can
ﬁnd the energy release rate from the crack face dis-
placements via
G = u
2
2 + u21
r
(1 + 42)π
2(c1 + c2) . (B.2)
The crack surface displacement components (u1
and u2) are found with the ﬁnite element method.
However, when calculating G and ψ it turns out that
these are not invariants of r . This is because the near-
tip stress and displacement ﬁelds given by (4) and (5)
are only the ﬁrst (but singular) term in a Taylor se-
ries (Rice 1988). The singular stress and displacement
ﬁelds becomemore andmore dominant as approaching
the crack tip. Consequently, for r → 0 the singularity
dominate. Based on this reasoning we suggest a CSDE
method where the quantities G(r) and ψ(r) are extra-
polated to r → 0.
The FE analysis was carried out using the Ansys 6.0
FE package. FigureB.1 shows a typical mesh used in
the calculations. The elements were 8 noded isopara-
metric linear elastic elements. Typically, the quadratic
ﬁne mesh around the crack tip had a width of H/4 and
contained 40 rings with decreasing spacing towards the
crack tip. The distance between the inner rings was
1/100 of the distance between the outer rings. The size
of the inner elementswas H/500. The elements outside
theﬁne regionhad a rectangular shape andwere slightly
elongating towards the ends of the mesh.
It is well known that in a linear elastic analysis of a
sharp interface crack, the elements closest to the crack
tip cannot resolve the displacement accurately. There-
fore, a few nodes closest to the crack should not be
used for the extrapolation. In our calculations, the 10
inner node pairs were typically omitted from the cal-
culations. The present results were typically obtained
by using nodes in the range 1/25 < r/H < 1/10.
The accuracy of themethodwas evaluated by check-
ing the deviation between the exact G calculated from
(16) and the G calculated with the CSDE method. For
all the computations the deviation was less that 0.5%.
C Estimating the error on the analytical determined
energy release rate for short specimens
In Sect. 4.4, curves are given that represent the un-
cracked length of the sandwich that result in an error
of 5% on the analytical G. Here, equations are given
for determining the combination of the loads P and M
that result in the greatest error on G and calculate the
error for a sandwich specimen.
For any sandwich length L and crack length a, lin-
earity dictates that the complex stress intensity factor
can be written as
K = K1(P, M) + iK2(P, M)
= (k1HP + k2M) + i(k3HP + k4M), (C.1)
where k1, k2, k3 and k4 are real constants that depend
on α, β, η, (L − a)/H and a/H . These k’s can gen-
erally not be determined by analytical means. There-
fore, a numerical method e.g the ﬁnite element method
must be employed. In order to determine the four k’s
by the ﬁnite element method, two different load situa-
tions must be solved for each set of α, β, η, (L − a)/H
and a/H . First, using the load situation in Fig. 3c with
P = 1/H , M = 0, k1 and k3 are given directly as
the real part and the imaginary of the complex stress
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Fig. B.1 Mesh used in the
analysis
P
(a)
(b)
intensity factor, respectively. Analogously, k2 and k4
are determined with P = 0 and M = 1.
The imaginary and the real parts of K are
(K ) =
(
G
16 cosh2 π
c1 + c2
)1/2
sin (ψ −  ln H)
and
(K ) =
(
G
16 cosh2 π
c1 + c2
)1/2
cos (ψ −  ln H),
respectively. G and ψ are determined by the CSDE
method described in Appendix B.
In order to characterize the deviation on the energy
release rate between a long sandwich specimen where
the homogeneous strain state is present and one with
a more complex strain ﬁeld (e.g. caused by a too short
uncracked beam length), the following error measure
is introduced
ξ =
∣∣∣∣ |K |2num − |K |2ana|K |2num
∣∣∣∣ . (C.2)
Here |K |num is the modulus of K determined numeri-
cally by the CSDE method and |K |ana is the modulus
of K determined analytically according to the results
in Sect. 3.
Having determined the k’s numerically and intro-
ducing λ¯ = PHM , it is found that
Knum =
{
(k1λ¯ + k2) + i(k3λ¯ + k4)
}
M
and the modulus of Knum squared can then be written
as
|K |2num =
{
(k1λ¯ + k2)2 + (k3λ¯ + k4)2
}
M2, (C.3)
which we will rewrite in the form
|K |2num = Bλ¯2 + C λ¯ + D, (C.4)
where
B = k23 + k21
C = 2(k3k4 + k1k2)
D = k24 + k22 .
Using (16) and (6), an analytical expression based
on the strain ﬁelds given inAppendixA for themodulus
of the complex stress intensity factor is found
|K |2ana = (bλ¯2 + cλ¯ + d)M2 (C.5)
b = q 1
H3
η
U
c = q 1
H3
2 sin γ√
UVη2
d = q 1
H3
1
η3V
,
where q = c2 cosh2(π)
c1+c2 .
For ﬁxed α, β, η and a/H the error, ξ , depends on
(L − a) and λ¯. In order to determine the error for a
certain length, the worst case load combination, λ¯c, is
determined. λ¯c is found by differentiating (C.2) and
setting ∂ξ
∂λ¯
= 0. The derivative of (C.2) is
∂ξ
∂λ¯
= − (dB − bD) λ¯
2 + (2 cB − 2 bC) λ¯ + cD − dC(
Bλ¯2 + C + Dλ)2
Equating this to zero gives two values of λ¯c
λ¯c = bC − cB ± 2
√
b2C2 − 2 bCcB + c2B2 − dBcD + d2BC + bD2c − bDdC
dB − bD .
Inserting λ¯c into (C.4) and (C.5) gives |K |2num and
|K |2ana , respectively. Inserting those values into (C.2)
gives ξ .
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Measurement of Interface Fracture
Toughness of Sandwich Structures under
Mixed Mode Loadings
RASMUS C. ØSTERGAARD,* BENT F. SØRENSEN
AND POVL BRØNDSTED
Material Research Department, Risø National Laboratory
Frederiksborgvej 399, 4000 Roskilde, Denmark
ABSTRACT: Fracture of sandwich structures loaded with axial forces and bending
moments is analyzed in the context of linear elastic fracture mechanics. A closed
form expression for the energy release rate of interface cracking of a sandwich
specimen is found by analytical evaluation of the J-integral. A method for
determining the mode mixity is described and applied. Expressions are presented
whereby the mode mixity can be calculated analytically for any load combination
when the mode mixity is known for just one load case.
The theory presented is applied to a new test method based on double cantilever
beam sandwich specimens loaded with uneven bending moments. The interface
fracture toughness of two sandwich types are measured as function of the mode
mixity. The sandwich structures that are tested consist of glass fiber reinforced
polyester skins and PCV core. The tests show that the interface fracture toughness
depends strongly on the mode mixity. Under dominated normal crack opening, the
crack grows just below the interface in the core at a constant fracture toughness.
Under dominated tangential crack deformation, the crack grows into the laminate
resulting in extensive fiber bridging and an increase in fracture toughness. As a result
of the development of a large process zone due to fiber bridging, the analysis by
linear elastic fracture mechanics becomes invalid and modeling with cohesive zones is
proposed.
KEY WORDS: fracture toughness, fiber bridging, energy release rate, mode mixity,
LEFM.
INTRODUCTION
FRACTURE OF BRITTLE solids is often analyzed within the frameworkof linear elastic fracture mechanics (LEFM) which is also the most
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widespread approach for the analysis of sandwich structures. The LEFM
is a convenient tool for analyzing fracture in materials and structures
because analytical expressions can be derived for a wide range of practical
problems. In the present work, sandwich structures with polymeric foam
core and glass fiber-reinforced polymer (GFRP) skins have our primary
interest. The fracture mechanisms associated with skin to core debonding
will be investigated and the fracture resistance will be measured. Despite
the focus on the aforementioned material combinations, the mechanics
deployed in the present article are of a general character and can be
used analyzing skin core debonding for sandwich structures with other
material combinations.
LEFM was applied by Zenkert [1] for the analysis of skin to core
debonding in sandwich structures. Carlsson and Prasad [2] conducted
a study of mixed mode fracture in a specimen with isotropic material
constituents where the mode mixity for different combinations of a
transverse and a normal loading on the debonded sandwich skin was
computed numerically. Furthermore, a comprehensive study of skin to core
debonding of various types of sandwich structures was carried out by
Ratcliffe and Cantwell [3], and it was found that the fracture toughness for
interface debonding is in the range 170–2750 J/m2. In the present study,
LEFM for anisotropic bi-material structures [4] is used and a somewhat
more general analysis is brought into context.
For cracks in interfaces between elastically dissimilar materials, the stress
singularity at the crack tip is uniquely defined by the energy release rate, G
and the mode mixity,  . A fracture criterion often applied is based on the
energy release rate to be equal to a critical material value, denoted as the
fracture toughness, Gc. For a crack located in an interface between two
dissimilar materials, the fracture toughness can depend on the mode mixity.
Liechti and Chai [5] measured the effect of the mode mixity on the fracture
toughness for a crack located in a weak interface between glass and epoxy and
a rise of a factor of 10 was seen for j j ! 90 in comparison with Gcð  0Þ:
In the following, an analysis is carried out where the J-integral is used
for calculating the energy release rate for a fairly general load situation.
The load type analyzed here is rather versatile and can be applied for various
practical problems. A method is then presented whereby the mode mixity
can be extracted from a finite element solution of the problem. Afterwards,
the mode mixity can be determined for any combination of the loads
analyzed. Finally, the theory is applied to a test setup that can impose mixed
mode loading to a sandwich specimen. Two types of commercially
manufactured sandwich structures were tested and fracture toughness was
determined as a function of mode mixity for the two. Both types had plain
weave glass fiber-reinforced polyester skins. In the interface between skin
446 R. C. ØSTERGAARD ET AL.
and core was a layer of randomly oriented fibres (CSM). The elastic
properties of the skin material were measured experimentally elsewhere [6]:
E11 ¼ 14:9GPa, E22 ¼ 7:53GPa, E33 ¼ 16:5GPa, 13 ¼ 0:2, 12 ¼ 0:199,
32 ¼ 0:16 and G12 ¼ 2:2GPa. Here, E, v, and G are the Young’s modulus,
the Poisson’s ratio, and the shear modulus, respectively; the subscript 1
refers to the principal material direction that is aligned with the sandwich
specimen length direction (see coordinate system in Figure 1), subscript 2
denotes the out-of-plane direction and subscript 3 indicates the material axis
perpendicular to 2 and 3. The fibers in the laminate plane were slightly
unevenly distributed between the two principal material directions explain-
ing the minor difference between E11 and E33. The thickness of the sandwich
skins was approximately 6mm.
The tested sandwich structures had PVC foam core (Divinycel H80 and
H130). The elastic properties of the core materials taken from [7] were used.
For the H80 PVC foam, E ¼ 85MPa, ¼ 0.3 and for H130, E ¼ 175MPa,
¼ 0.3. The thickness of the core was approximately 40.0mm.
In the present work we measure the fracture toughness as a function of the
mode mixity. In that respect, our approach is different from the earlier
studies where the fracture toughness was typically measured for only one
or two mode mixities. Our approach is more information-rich and gives
fracture toughness-mode mixity data that can be used as input for advanced
numerical models that can account for mode mixity dependence on the
fracture toughness [8].
Now, let us define a problem that is of general character and has a clear
practical interest. Let the sandwich have the length L, skins of thickness H,
and a core with thickness h. To keep the analysis general, the materials are
considered homogeneous and orthotropic. With this choice many types of
sandwich structures can be analyzed e.g., aluminium/polyvinylchloride
(PVC) foam, GFRP/balsa wood, GFRP/PVC foam, etc. The isotropic
behavior of some of these constituents are covered by the orthotropic
description that reduces to isotropy if the elastic properties are invariant
with direction. A crack with length a is located at the interface between the
M1
M2
M3
P1
P2 P3
Neutral axis
a
d
x1
x2
L
H
H
h #1
#2
#2
Figure 1. Interface cracking of a sandwich with equal thickness skins is analyzed.
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core and the skin starting from the left side of the sandwich (x1¼a). The
sandwich is loaded at the edges by forces per unit width, Pn, and moments
per unit width, Mn, n¼ 1 . . . 3. The problem is sketched in Figure 1.
MECHANICS OF AN INTERFACE CRACK BETWEEN TWO
ELASTICALLY DISSIMILAR ORTHOTROPIC LAYERS
Material Constitutive Laws
First, let us describe the materials behavior. Both the materials are
assumed to exhibit a linear elastic deformation behavior when small
deformations are considered, which is reasonable for the constituents
typically used in sandwich structures. The elastic deformations in the
materials are described by the following relation between the stress vector,
i, and the strain vector, i
i ¼
X6
j¼1
s0ijj, i ¼ 1 to 6, ð1Þ
where
i ¼ 11, 22, 33, 223, 213, 212,
i ¼ 11, 22, 33, 23, 13, 12,
and the compliance matrix s0ij is given by
s0ij ¼
sij
sij  si3sj3=s33
for plane stress
for plane strain:

The relation between the engineering constants and the compliance matrix
sij can be found in appendix A.
The Singular Stress Field
Near the crack tip a singular stress field becomes dominant. The stress field
in terms of the shear stress, 12, and the normal stress, 22, is given by [4]ﬃﬃﬃﬃﬃﬃﬃﬃ
H22
H11
r
22 þ i12 ¼ 1ﬃﬃﬃﬃﬃ
2
p Kri1=2: ð2Þ
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Here K ¼ K1 þ iK2 is the complex stress intensity factor, i ¼
ﬃﬃﬃﬃﬃﬃ1p , r is the
radial distance along the x1-axis, and  is the oscillatory index
 ¼ 1ﬃﬃﬃﬃﬃ
2
p ln 1 
1þ 
 
,
where  is a generalization of the Dundurs parameter
 ¼
ðs011s022Þ1=2 þ s012
 
#1
 ðs011s022Þ1=2 þ s012
 
#2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H11H22
p , ð3Þ
the parameters H11 and H22 are given in appendix B.
The crack opening components, un, are defined from the displacement
un of two material points coinciding in the un-deformed state
un ¼ unðr,  ¼ Þ  unðr,  ¼ Þ,
where the subscript n takes the values 1 and 2, that refers to the coordinate
direction xn in Figure 2. The crack opening components are related to the
complex stress intensity factor, K, through
ﬃﬃﬃﬃﬃﬃﬃﬃ
H11
H22
r
u2 þ iu1 ¼ 2H11ﬃﬃﬃﬃﬃ
2
p K
iþ1=2
r
ð1þ 2iÞcoshðÞ , ð4Þ
and the energy release rate can be related to the complex stress intensity
factor through
G ¼ H11
4 cosh2ðÞ Kj j
2: ð5Þ
Δu1
Δu2
x1
x2
#1
#2
r
q
Figure 2. Definition of crack face opening components.
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The mode mixity is defined as
 ¼ tan1 =ðKl
iÞ
<ðKliÞ , ð6Þ
where l is a characteristic length parameter, and = and < are the imaginary
and the real part of the complex number. The use of li in the definition of
 is a mathematical necessity and a discussion on choosing the parameter
l is elsewhere [9]. In the present work, l is set equal to the height of the core h,
whereby the equations are cast in a neat form. It has been argued that
l should be set equal to some characteristic length scale in the materials,
e.g., the average cell diameter of the core material. One could argue that the
choice of a length related to the microstructure would be more obvious
in the present case, since the skin height is different from structure to
structure but the microstructure of, e.g., the foam is the same [9]. On the
other hand, the choice has no great importance since mode mixity calculated
with l ¼ l1 can easily be recalculated to l ¼ l2 [10]. It is important to note
that one implication of choosing h as the length scale is that the skin
thickness of the specimen should be reported with the test results for a
specific sandwich configuration.
ANALYSIS OF SANDWICH
The sandwich analyzed here is defined by the dimensions L, a, H, and h.
For the subsequent derivations we ensure that the ends of the specimen,
where the loads are applied, are governed by a stress field that is unaffected
by stress effects from the crack tip. This can be ensured by making ðL aÞ
and a suitably long, so only the stress fields introduced by the loads Mn, Pn,
n¼ 1 . . . 3 are present at the ends of the sandwich. A finite element analysis
has shown that for sandwich materials with extreme elastic mismatch
ðL aÞ=H > 30 and a=h > 1 ensures that the stress effects from the crack do
not reach the ends [11]. For the material combinations used here
ðL aÞ=H > 10 and a=h > 1 are sufficient.
Reduced Problem
From static equilibrium it is realized that two of the six loads Pn, Mn,
n¼ 1 . . . 3 are statically determined and only four loads characterize the
loading.
Since, only the stress components, 12 and 22, are singular near the crack
tip, the singularity is not altered if superimposing stresses in the x1-direction.
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By superimposing a stress field corresponding to an intact sandwich loaded
by the moment M3 and the force P3 we arrive at a reduced problem
where the singular stress components at the crack tip are as in the original
problem. The superposition is illustrated in Figure 3. The relations between
the reduced load parameters M and P and the original loads, Pn, Mn,
n¼ 1 . . . 3 are
P ¼ P1 þ C1P3 þ C2M3
h
M ¼ M1 þ C3M3,
ð7Þ
where C1, C2, and C3 are constants only dependent on elasticity and
geometry. The constants are to be found in closed form in appendix C.
This result is important since we now only have to determine the singularity
in terms of G and  for all combinations of P and M instead of all
combinations of Pn, Mn, n¼ 1 . . . 3.
M1
M2
M3 M3
M3
P1
P2
P3 P3
P3
M
P
P
M*
d
(a)
(b)
(c)
Figure 3. By super imposing the stress field in (b) on the stress field in (a) the situation in
(c) is found, where M ¼ Ph þM and  is given in the appendix.
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Energy Release Rate
The energy release rate is determined by evaluating the J-integral [11]
along the external boundary of the specimen. The linear elastic fracture
mechanics is assumed valid and therefore J¼G. The stresses along the
boundary are needed for calculating J and they are accurately modeled by
simple beam theory. Note that since the sandwich specimen is loaded only
by pure moments and axial forces, there are no shear stresses in the beams
and the beam slenderness condition is eliminated.
The energy release rate of the reduced problem (Figure 7c) is determined
in closed form
G ¼ ðs
0
11Þ#2
2B2
P2
hU
þ M
2
h3V
þ PMﬃﬃﬃﬃﬃﬃﬃ
UV
p
h2
sin 	
 
, ð8Þ
where U, V, are 	 are dimensionless constants dependent only on stiffness
and geometry. They are given in appendix A. s011
 	
#2
is the compliance
parameter s011 for material #2, the skin material, see Equation (1). B is the
width of the specimen.
The energy release rate resulting from the loadings analyzed here is
independent of the crack length for a fixed load. This is the case because
the specimen is a steady-state specimen, i.e., as the crack advances in a self
similar fashion, the crack tip stress field merely translates along the
specimen. However, this is not the case if we imagine a moment introduced
by a transverse force T. Then, the moment just ahead of the crack tip would
beM¼ aT and G would be increasing for a fixed load since G would contain
a factor a2.
Mode Mixity
By combining (4), (5), (6), and (8), while setting l¼ h the mode mixity is,
upon some manipulation, expressed as
tan ¼ 
 sin! cosð!þ 	Þ

 cos! sinð!þ 	Þ , 
 ¼
ﬃﬃﬃﬃ
V
U
r
Ph
M
, ð9Þ
which is valid for M 6¼ 0. For the special case where M¼ 0 we get
 ¼ !. ! is a load-independent phase angle that must be determined by
numerical means. ! only depends on the geometry and the compliance
parameters.
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However, once ! is known for one load combination, the mode mixity
for any load combination can be calculated by first calculating the reduced
loads according to (7) and inserting these in (9).
EXTRACTING THE MODE MIXITY FROM
A FINITE ELEMENT SOLUTION
The Crack Surface Displacement Extrapolation Method
The mode mixity can only be calculated fully analytically for very simple
load cases and geometries. In the general case, the mode mixity for a
sandwich cannot be found analytically. Therefore, a numerical method must
be deployed. In the literature several methods have been proposed for
calculating the mode mixity. Suo and Hutchinson [13] were among the first
to determine the mode mixity by a numerical method, however, later on
more straightforward methods have been proposed [14,15]. We use a simple
and yet accurate method whereby the mode mixity can be found from a
finite element solution of the problem. The method is general and not
restricted to the load cases introduced in Figure 1. The method we use is
a crack surface displacement extrapolation (CSDE) method [8,11]. In [11],
results obtained by the method were compared with results from [13] and the
deviations were insignificant in the context of experimental work.
The CSDE method calculates the mode mixity,  , from nodal
displacements along the crack faces and extrapolates the found values to
the crack tip (r! 0). By combining (4) and (6), it is found that  in radians
is related to the crack surface displacements via
 ¼
r!0
tan1
u1
u2
þ tan1 2þ  ln r
l

  , ð10Þ
where r! 0 means the value found when extrapolating to r¼ 0.
The extrapolation is performed linearly using a number of nodes in the
vicinity of the crack tip. In the present work, we used nodes located in the
range H/100< r<H/10.
As a check of the model, G calculated from nodal displacements was
compared with the G-value calculated by Equation (8), which is an exact
result. By combining (4) and (5), it is found that G is related to the nodal
displacements through
G ¼
r!0

4 ð1=2þ 2Þ
rH11
H11
H22
u2
 2
þu21
 ! : ð11Þ
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In all cases the relative deviation between numerical and analytical values
was less than 0.005. Furthermore, by comparing the results with results
found with meshes having significantly more elements  and G calculated
by (10) and (11), respectively, were shown to be mesh-independent. Figure 4
shows a typical mesh used for the calculation. In order to resolve the stress
and displacement field at the crack tip, the mesh was refined near the crack
tip [8,11].
Extracting the Load-independent Phase Angle x from a Load Case
As described in the section ‘Mode mixity’, the load-independent phase
angle ! should be determined for a single load case for each sandwich
structure. Using Equation (10), the mode mixity can be extracted from a
finite element solution of the sandwich loaded with any combination of the
loads Mn, Pn, n¼ 1 . . . 3. A convenient choice is to take P 6¼ 0 and M¼ 0
(Figure 4). Then according (9) to ! ¼  .
The following results are found from the finite element calculations with
l¼ h¼ 40.0mm.
P
∼H/4(a)
(b) Λ
Figure 4. Loading and mesh used for extracting the mode mixity.
Configuration x
GFRP/H80 60.2
GFRP/H130 66.0
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Now, with ! determined we can analytically determine the mode mixity
for any combinations of the loads Mn, Pn, n¼ 1 . . . 3 as follows: First, the
force and moment, P andM, of the reduced problem are calculated from (7).
Then, by (9), 
 and  are calculated.
Having completed the stress analysis, we now proceed to the experimental
work.
APPLYING THE THEORY TO A TEST SETUP
The theory is now applied to an experimental test setup by which the
fracture toughness of sandwich structures can be measured for different
mode mixities. Various test setups have been suggested for testing the
fracture toughness of sandwich structures, but we think the one used here
has a number of advantages that makes it preferable: (i) only one type of
specimen is needed to test the whole mode mixity range; (ii) the energy
release rate is determined in analytical from (8); (iii) the mode mixity can be
determined analytically via (9) when the load-independent phase angle !
is determined; (iv) under fixed/constant loads the energy release rate
is independent of the crack length making the measurement of G easy.
The only parameters to be measured are the applied moments; it is not
necessary to record the crack length to calculate G. The fact that G is
independent of crack length also facilitates stable crack growth, since under
‘fixed grips’ the specimen unloads itself during crack propagation so that
G decreases during crack growth.
The double cantilever beam sandwich specimen is loaded by uneven
moments via two arms. The test setup is shown in Figure 5. The arms are
loaded through a wire/roller system that is loaded by a tensile testing
machine. The force, F, is the same all along the wire (apart from the
neglectable resistance from the rollers), and thus the moments are calculated
byM1 ¼ ðÞF‘1 andM2 ¼ ðÞF‘2. The magnitudes of the moments relative
to each other are changed by changing the arm lengths ‘1 and ‘2. The signs
of the moments are changed by rearranging the wire as shown in
Figure 5(a1) and 5(a2). The un-cracked end of the specimen is supported
by a roller system that provides a moment M3 ¼M1 M2. A more detailed
description of the test method can be found in [16].
The length of the specimens, L, was 300mm and the initial debond
was approximately 70mm. The sandwich specimens were initially loaded
by a moment M1 (M2 ¼ 0) supported by M3 (¼M1) until the crack had
grown approximately 15mm. This procedure was used for all specimens
to ensure that they had the pre-crack introduced in the same manner.
The test setup was used measuring the fracture toughness for the
two sandwich types. Twelve specimens were tested for each sandwich type.
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The load F was measured by a 5 kN load cell and recorded on a computer
with data acquisition. The tests were carried out under low displacement
rate so each test had a duration of approximately 2–3min.
The applied G was computed from the analytical expression (8) with the
reduced load parameters P and M calculated from (7). Let us emphasize
2 1
F
(a1)
(a2)
(a)
(b)
Figure 5. (a) Sketch of the test setup. (a1) shows the arrangement of the wires that gives
M2>0 and (a2) shows the arrangement of the wires that gives M2>0 (b) Test setup with
a specimen mounted.
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that (8) and (7) are derived for a more general load situation where normal
forces are applied in combination with moments. In this test method only
moments are applied and we simply set the normal forces equal to zero,
Pn ¼ 0, n¼ 1 . . . 3 when computing the reduced loads M and P. The mode
mixity  was calculated by inserting the moments M1, M2, and
M3 ð¼M1 M2Þ in (7) and (9) (again with the normal forces equal to
zero, Pn ¼ 0, n¼ 1 . . . 3).
TEST RESULTS
For mode mixities corresponding to deformation dominated by normal
crack opening (35<  <15) the fracture behavior was the
following: the crack initiated from the pre-crack and shifted hereafter
between slow and stable growth and propagation by jumps of 10–20mm.
The crack was either in the core material or, in some cases, in the interface
between skin and core. For this loading the crack grew parallel with the skin
without deflecting towards the core or the skin. Schematics of the crack
deformation and crack path under various load situations are shown
in Figure 6.
Representative loading curves for  ¼ 30 and 45 are shown in
Figure 7. For the specimen loaded under  ¼ 30 the load increased
almost linearly with time apart from a few minor kinks that was not
accompanied by any visual changes of crack length. At some critical load
value, a major load drop occurred. This was accompanied by a 10–20mm
unstable crack propagation along the skin/core interface. Hereafter, the load
again increased and propagation occurred at almost the same load level.
Under this kind of loading the load value at each crack propagation was
used as a data point and e.g., the curve for  ¼ 30 in Figure 7 gave four
data points.
When the deformation was dominated by tangential opening, correspond-
ing to mode mixities below 35, another behavior was observed. The crack
grew into the CSM layer as sketched in Figure 6(a). Initially one to two
unstable crack propagations were seen. Thereafter, a higher load level was
needed to make the crack propagate. The following crack propagation was
slow, stable, and the growth was accompanied by fiber bridging, i.e., fibers
that were bridging from one crack face to the other. As shown in Figure 7,
the load curve for  ¼ 45 indicated a significant increase in fracture
resistance (indicated by PFB) after the first onset of growth. Prior to fiber
bridging, each point at the onset of crack growth was used as a (triangular)
data point. As fiber bridging sets in, only the maximum load achieved was
used as a (circular) data point. Figure 7 shows where these data points are
taken from on the load curve.
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A few test were also made with mode mixities near 5, but here the crack
kinked and grew at a distance into the core where it found a stable path
(Figure 6(c)). For even larger mode mixities the crack deflected to the
opposite side of the core. Crack kinking and stable crack paths are discussed
in detail elsewhere [17], but are beyond the scope of this work.
The fracture resistance measured as a function of the mode mixity is
shown in Figure 8(a) and 8(b). The left side of the graphs corresponds to a
crack deformation mode where the crack is dominated by tangential
displacement with a local elongation of the skin, as illustrated in Figure 6(a).
The right side corresponds to a deformation mode where the crack opening
is dominated by normal displacement (Figure 6(b)). The data points are
segregated into two types. The triangular data points indicate applied energy
release rate values at the onset of crack growth or values at crack
propagation where no fiber bridging was observed from eye inspection
(Figure 7). The fiber bridging mechanism will be discussed in some detail
later. The data points indicated by filled circles represent maximum values
of the fracture toughness in the cases where an increase in fracture resistance
was seen due to e.g., fiber bridging (Figure 7). The thick line in Figure 8(a)
is a numerical ‘best fit’ of a fourth-order polynomium to the initiation
results. In Figure 8(b) second order polynomium is used for fitting. The thin
lines in both figures are added ‘by eye’ and they show that the initiation
results are spread around a band of approximately constant width.
Core Skin Core Skin Core Skin
Crack path
Interface
LFPZ
LFPZ
(a) (b) (c)
ψ <
~ 
−35° ψ >
~ 
−5°ψ  
~
~
 
−35° to −15°
Figure 6. Schematics of the relationship between mode mixity and crack path selection
observed in the tests.
458 R. C. ØSTERGAARD ET AL.
DISCUSSION
From the measurements presented in Figure 8 it is seen that under
loadings dominated by tangential crack deformation  935 the
maximum value of the fracture toughness is significantly higher than the
initiation value. For some other loading conditions  0 35 no increase in
fracture toughness is seen at all. To gain insight in the complex fracture
behavior of the sandwich materials the subsequent section will discuss the
mechanisms taking place under fracture.
When the sandwich specimen is loaded in normal crack opening, the crack
grows just below the interface in the core material (Figure 9). The crack
growth in the core is not associated with any noticeable increase in
toughness as the crack progresses and by eye-inspection the fracture process
zone seems to be small, i.e., the fracture process zone is much smaller
than the skin thickness. The fact that the fracture process zone is small
is important. Then, the application of LEFM is valid, since LEFM is based
on the premise that length of the fracture process zone is small compared
with all other geometric dimensions of the sandwich (h,H) [18]. For both
types of the sandwich tested in the present study, the fracture toughness
values are almost constant within the mode mixity range 10 to 30.
For the sandwich specimen with H80 core, the applied G at crack initiation
(indicated by the curve fit in Figure 8(a)) was also constant when moving
further towards tangential crack opening. For the sandwich specimen
Fiber bridging
Subinterface
crack growth
Initiation
ΔPFB
P
Max. due to FB.
ψ= −30°
ψ= −45°
Time
Figure 7. Two distinctively different loading curves for tests dominated by normal opening
( ¼30) and tests dominated by tangential opening ( ¼45), respectively.
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with H130, an increasing trend was apparent as applying a larger negative
mode mixity. The increasing initiation toughness for H130 is a tendency also
seen for other material combinations. Experimental investigations by Liechti
and Chai [5] showed that for a glass/epoxy interface the toughness could
increase by a factor of 10. The phenomenon has been extensively studied
and Tvergaard and Hutchinson [19] showed that in an interface between
elastic plastic solids the energy uptake in the plastic zone increased
significantly for tangential crack deformation. Other sources for the
increasing toughness is friction by asperity contact and locking near
the crack tip [5,20]. The formation of the crack branches might also
0
G
c 
(J/
m2
)
G
c 
(J/
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)
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Fiber bridging Subinterface crack growth
GFRP/H80
(a)
0
Mode mixity,     (°)
Mode mixity,     (°)
2000
1500
1000
500
−10−20−30−40−50
−60
−10−20−30−40−50
−60
Fiber bridging Subinterface crack growth
GFRP/H130
(b)
Figure 8. The measured fracture toughness as function of mode mixity. (a) Shows the
fracture toughness as function of mode mixity for the sandwich configuration with GFRP skin
H80 core and (b) GFRP/H80.
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explain an increased toughness. However, a detailed study to reveal which
mechanisms account for the increase in toughness is beyond the scope of
this work.
The observation that the crack is growing towards the skin layer for
loadings giving tangential crack deformation (Figure 6(a)) can be under-
stood from an analysis of the stresses in front of the crack tip. Under
dominated normal crack opening the largest principal stress is approxi-
mately perpendicular to the interface and the crack prefers to grow just
below the interface. It is well known [21] that in a homogenous material,
a crack selects a mode I path, i.e., it propagates in the direction
perpendicular to the largest principal stress. As the mode mixity becomes
more negative, higher shear stresses arise at the crack tip. At some point the
shear stresses reaches a level where crack growth in the interface becomes
preferable. With a further decrease in  , the crack turns away from the
interface and propagates into the skin laminate. The growth in the outer
layer of the skin laminate leads to extensive fiber bridging and results in an
increasing toughness. From Figure 9 it is clear that the length of the fracture
= −30°(a)
Skin material
Core material
1mm
Skin material
Core material
Bridging fibers
1mm
= −45°
(b)
Figure 9. (a) When the specimen has been loaded with normal crack opening, the crack
grows just below the interface in the core material and (b) when the tangential crack
deformation is the loading, extensive fiber bridging develops in the interface.
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process zone is increasing to a length several times the skin height whereby a
large scale fracture process zone is present. As mentioned, the simple LEFM
is not valid for this kind of problem [18] and the results must be interpreted
with caution. Fortunately, the right-hand side of (8) was derived using the
J-integral which is also valid for large-scale bridging problems [18].
Consequently, the circular data points in Figure 8 can be interpreted as
the total amount of energy dissipated per unit area in the failure process
zone. However, the mode mixity loses its validity as the fracture process
zone becomes longer than the zone where the singular stress field dominates.
Furthermore, the fibers bridging exert forces on the crack faces and change
the mode mixity.
Based on the observations here, it is clear that advanced modeling
of crack growth in sandwich structures calls for more advanced modeling
approaches that do not have the limitations of the LEFM e.g., cohesive zone
modeling [22–24] or modeling using bridging laws and retaining a crack tip
singularity [25].
The results in Figure 8(a) and 8(b) exhibit a significant spread. For
initiation values the spread was in the order 200 J/m2. For the data points
where fiber bridging was present the spread was much larger. These fracture
property variations could be explained by spatial material property
variation.
The literature contains many results where interfacial fracture toughness
has been measured for different structures. However, the fracture toughness
appears to be very sensitive to the exact choice of materials. Ratcliffe and
Cantwell [3] measured the fracture toughness of a number of different
configurations and found values ranging from 170 to 2750 J/m2. For a
sandwich specimen with a H80 core, various test methods gave an average
fracture toughness of approximately 270 J/m2. In the present study the
fracture toughness values for loading under dominated normal crack
opening were approximately 300 J/m2. The discrepancies between our results
and those of Ratcliffe and Cantwell [3] are reasonably small and can be
attributed to the dissimilarity in manufacture process and differences in the
skin lay-up.
CONCLUSION
The test carried out in this work on sandwich double cantilever beam
specimens loaded with uneven bending moments showed that the fracture
toughness of sandwich structures are strongly dependent on the mode
mixity. For  <35 extensive fiber bridging results in rising fracture
toughness. For the sandwich specimens tested here fiber bridges formed but
a large spread in maximum toughness was seen.
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For future work it is suggested that the mechanism of fiber bridging is
investigated so the ability to fail by fiber bridging formation is designed
into the sandwich structures since this will result in a more fracture-resistant
structure.
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APPENDIX A
Relation between Compliance Matrix and Engineering Constants
Relation between engineering constants and the compliance matrices for
a orthotropic and a isotropic material, respectively [26]:
sij ¼
1
E11
 21
E22
 31
E33
0 0 0
 12
E11
1
E22
 32
E33
0 0 0
 13
E11
 23
E22
1
E33
0 0 0
0 0 0
1
G23
0 0
0 0 0 0
1
G31
0
0 0 0 0 0
1
G12
2666666666666666664
3777777777777777775
ðA1Þ
sij ¼ 1
E
1   0 0 0
 1  0 0 0
  1 0 0 0
0 0 0 2ð1þ Þ 0 0
0 0 0 0 2ð1þ Þ 0
0 0 0 0 0 2ð1þ Þ
26666664
37777775 ðA2Þ
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APPENDIX B
Constants for Fracture Mechanical Equations
The orthotropic materials constants H11and H22 are given by
H11 ¼ 2mb
 1=4s011s022h i
#1
þ 2mb
 1=4s011s022h i
#2
ðA3Þ
and
H22 ¼ 2mb
1=4s011s022h i
#1
þ 2mb
1=4s011s022h i
#2
, ðA4Þ
where m ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þ Þ=2p ,
b
 ¼ s011
s022
ðA5Þ
and
 ¼ 2s
0
12 þ s066
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s011s
0
22
p : ðA6Þ
APPENDIX C
Stiffness-geometry Constants
The parameters that are used in the construction of the reduced problem
are
 ¼ ðs
0
11Þ#2
ðs011Þ#1
,  ¼ h
H
: ðA7Þ
Note that all the following constants only depend on these two parameters.
C1 ¼ 1
A3
, C2 ¼ 1
2I3
1

þ 1
2
 
, C3 ¼ 1
12I33
,
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where
 ¼ 1þ 3
2

and
A1 ¼ 1

, I1 ¼ 1
123
,
A2 ¼ 1
þ , I2 ¼
1
33
þ

 1

 
þ 1


 2
þ 1


 
þ 1
3
" #
,
where
  
h
¼ 1þ 2þ
2
2ð1þÞ
A3 ¼ 2

þ, I3 ¼ 2
33
þ 1
2
þ 1
2
þ 
12
:
The parameters given in the J-integral solution are
1
U
¼ 1
A2
þ 1
A1
þ 
2
I2
,
1
V
¼ 1
I2
þ 1
I1
,
sin 	ﬃﬃﬃﬃﬃﬃﬃ
UV
p ¼ 
I2
:
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Abstract
A compression loaded sandwich column that contains a debond is analyzed using a geometrically non-linear ﬁnite ele-
ment model. The model includes a cohesive zone along one face sheet/core interface whereby the debond can extend by
interface crack growth. Two geometrical imperfections are introduced; a global imperfection of the sandwich column axis
and a local imperfection of the debonded face sheet axis. The model predicts the sandwich column to be very sensitive to
the initial debond length and the local face sheet imperfection. The study shows that the sensitivity to the face sheet imper-
fection results from two mechanisms: (a) interaction of local debond buckling and global buckling and (b) the development
of a damaged zone at the debond crack tip. Based on the pronounced imperfection sensitivity, the author predicts that an
experimental measurement of the strength of sandwich structures may exhibit a large scatter caused by geometrical vari-
ations between test specimens.
 2007 Elsevier Ltd. All rights reserved.
Keywords: Cohesive zone modeling; Fracture; Interface crack; Delamination
1. Introduction
Sandwich structures comprising a low density core and stiﬀ face sheets have become widely used in various
engineering areas where low weight is of importance. The core primarily serves as a spacer that keeps the face
sheets apart, giving the sandwich structure a high bending stiﬀness to weight ratio. Moreover, sandwich struc-
tures possess a high global buckling resistance when subjected to in-plane compressive loads. These properties
make sandwich structures a favorable alternative in applications where weight savings are essential. Wind tur-
bine blades (see Fig. 1), ships, aircraft structures and trains are examples where sandwich structures are used as
load carrying elements (Zenkert, 1995; Thomsen, 2006; Herrmann et al., 2006).
Despite its geometrical simplicity, predicting the compressive strength of sandwich structures is complicated
since many potential failure modes exist. During the last decades many studies have addressed the strength of
sandwich structures. Comprehensive reviews are given in the books by Allen (1969) and Zenkert (1995). A
comprehensive experimental study of the compressive strength of sandwich structures was recently conducted
by Fleck and Sridhar (2002).
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A mechanism that is important to sandwich structures is interaction of buckling modes. For a general engi-
neering structure where more than one buckling mode (e.g., global buckling and a local buckling mode) is crit-
ical near the same external load, severe strength reduction may be experienced because the buckling modes can
interact with each other. In that case, the structure may also be strongly sensitive to geometrical imperfections;
especially imperfections having the same shape as the buckling modes (Van Der Neut, 1973). This is an unde-
sired feature since even very small imperfections can reduce the strength signiﬁcantly below that of the perfect
structure. In sandwich structures diﬀerent buckling modes can potentially interact with each other and cause a
reduction of the compressive strength. Buckling mode interaction in sandwich structures has been modeled by
Hunt et al. (1988) using a non-linear, six degree-of-freedom analysis. The results showed that interaction of
global buckling with face sheet buckling modes results in an unstable post-buckling behavior that is sensitive
to imperfections. Other studies that touch on interaction of buckling modes in sandwich structures include
Kim and Sridharan (2005) and Frostig (1998).
Further complexity is added to the problem when the sandwich structure contains a debond (an area
between face sheet and core with no bonding) and possible growth of this is considered. In practice, debonded
areas in the face sheet/core interface are often encountered. Debonds typically result from errors in the man-
ufacturing process or from impacts on the face sheets during use. In the presence of debonds in the interface,
signiﬁcant reductions of the load bearing capacity can be expected. For debonds above a critical length the
strength can be limited by a complex mechanism where the debonded face sheet buckles and triggers an overall
collapse. For debonds below a critical length other mechanisms can be limiting (Kwon and Yoon, 1997); for
instance, global buckling, face sheet wrinkling, core shear fracture or face sheet fracture. Experimental assess-
ments of the compressive strength of sandwich structures containing debonds are scarce, however a few studies
have shown a strong inﬂuence of the extent of the debonded region (Jeelani et al., 2005; Zenkert and Shipsha,
2005; Vadakke and Carlsson, 2004). Wadee and Blackmore (2001) and Wadee (2002) extended the Hunt
model (Hunt et al., 1988) and studied a sandwich structure with an initial debond that could grow according
to a simple fracture mechanics model. Wadee showed that debonding may result in a highly unstable snap-
back behavior that has a strong sensitivity to imperfections.
Somers et al. (1992) provides an early analysis of the load bearing capacity of partially debonded sandwich
structures. Their model is based on linear elastic fracture mechanics (LEFM) and beam theory. A conclusion
from their analysis is that the Euler formula for buckling of a clamped–clamped beam, with a length equal to
the debond length, can be used as a ﬁrst order approximation of the local debond buckling. However, recent
p(z)
Fig. 1. Application of sandwich structures. In the wind turbine blade sandwich structures are loaded in compression on one side of the
blade.
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developments in fracture mechanics regarding composite materials have shown that LEFM is unable to
describe some important phenomena in composite structures (Bao and Suo, 1992). LEFM assumes that the
extent of the energy dissipating zone at the crack tip is small compared to other dimensions (e.g., laminate
thickness). Many composites fail under formation of a large fracture process zone. This typically consists
of a bridging mechanism such as ﬁber bridging. In these cases the use of LEFM is inappropriate. A compre-
hensive discussion of large scale bridging is given by Bao and Suo (1992).
A large scale fracture process zone can be modeled by cohesive zone modeling. Cohesive zone modeling
(CZM) reaches back to Barenblatt (1959) and Dugdale (1960) but numerical implementation of the concept
was pioneered by Needleman (1987). Since then CZM has become a widespread method for modeling fracture
in composite structures (Hutchinson and Evans, 2000; Legarth, 2004b; Li et al., 2005; Blackman et al., 2003).
CZM is a more detailed way of considering fracture since it can incorporate microscopic details of the actual
fracture process taking place. In the present study, we propose a model of a partially debonded sandwich
structure that is based on cohesive zone modeling.
Several experimental studies have determined interfacial fracture toughness and interface fracture mecha-
nisms for sandwich structures (Cantwell et al., 1999; Prasad and Carlsson, 1994; Østergaard et al., 2006). Nev-
ertheless, a full determination of the interface fracture properties in terms of cohesive law has not been done
yet. Depending on processing techniques, specimen dimensions, loading and materials the debonding mecha-
nisms change: Some sandwich structures fracture through a brittle fracture process where the crack propagates
just below the interface, in the core material. Other sandwich structures fracture at the interface if this con-
stitutes a weak plane. Yet another fracture mechanism is ﬁber bridging, where the crack tip propagates in
an interlayer between the face sheet and core. When the crack propagates in this layer pronounced ﬁber bridg-
ing is seen and a large scale fracture process zone develops (Østergaard et al., 2006). This variation in the type
of fracture can be modeled by CZM since both small and large process zones can be represented.
Based on the studies described above, a schematic overview of some potential failure modes relevant to the
present study can be provided. Only the initiating failure mode is considered—in practice, other failure mech-
anisms will cause the ultimate collapse (e.g., face sheet fracture after onset of global buckling). Fig. 2 sketches
equilibrium deformation-paths as axial compressive force, P, versus end-displacement, DL for:
• (I) A sandwich column that buckles in the global buckling mode (without interaction with any local buck-
ling modes). This structure has a deformation-path similar to an Euler-column, see curve I in Fig. 2. In an
experimental context, such a sandwich structure will be stable in load-control (monotonically increasing
load) if the load increments are suﬃciently small. However, when the slope of the curve becomes horizontal
equilibrium cannot be maintained because even a very small load increase will cause large deﬂections.
• (II) A sandwich column that collapses under buckling-interaction (e.g., interaction between the global
buckling mode and face sheet wrinkling). Such a structure may exhibit an unstable behavior (Hunt
et al., 1988). A typical load versus end-displacement plot is curve II in Fig. 2; after a maximum load has
Debonding
Buckling interaction
Global buckling
Snap-back
I)
II)
III)
Fig. 2. Equilibrium paths for a compression loaded sandwich structure, illustrating diﬀerent collapse modes.
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been reached, the load decreases. In this case, load-control will result in a dynamic collapse possibly follow-
ing the dashed line. However, if the loading is displacement-controlled (monotonically increasing end-dis-
placement) the collapse will follow the equilibrium deformation-path in a stable manner.
• (III) A partially debonded sandwich structure where the debond can extend by interface fracture. As shown
by Wadee (2002) snap-back can occur. Consequently, unstable collapse can be expected either if the load or
the end-displacement is monotonically increasing. In a practical situation where such a sandwich column is
displacement-controlled, the deformation-path would follow the dashed line in an unstable manner.
The initial post-buckling path is important since this relates to imperfection sensitivity of the structure:
Sandwich structures that possess a stable deformation-path (like path I in Fig. 2) are not sensitive to imper-
fections. In contrast, for the buckling-interaction and the debonding (path II and path III in Fig. 2) sensitivity
to certain imperfections exists.
In the present study we model a compression loaded symmetric sandwich column containing a debond
located at the mid-span of the column. Both face sheets and core material are taken to be isotropic. Compared
to the model by Wadee (2002), we apply a large strain ﬁnite element model and include a cohesive zone to
model fracture. The FE method is a very adaptable method and, for later studies, other material models
are easily incorporated, e.g., orthotropy of face sheets, plasticity in the core, etc. Furthermore, CZM consti-
tutes a detailed representation of a fracture process. With the CZM we can study details of the fracture process
and understand how speciﬁc types of fracture mechanisms inﬂuence the strength of partially debonded sand-
wich columns. The present analysis includes the eﬀects of two simple geometrical imperfections of engineering
relevance; a column axis imperfection and a local imperfection in the debonded face sheet. This will provide an
understanding of how imperfections inﬂuence the strength of the sandwich column. We obtain solutions in
terms of equilibrium-deformation paths.
The paper is organized as follows: First, we deﬁne the sandwich structure and introduce a number of non-
dimensional parameters that uniquely specify the problem. Then, we introduce the cohesive zone to model the
debonding. For the study, we select a single sandwich structure of engineering relevance. First, results are pre-
sented for the imperfection sensitivity of the partly debonded sandwich structure in a case where the interface
outside the debonded region is perfectly bonded and cannot fracture. Secondly, we outline some aspects of the
collapse mechanism when the debond is allowed to extend by interface crack growth. Next, the inﬂuences of
interface fracture toughness and cohesive zone parameters on the post-buckling behavior is also addressed.
Finally, a discussion of the results and concluding remarks are given.
2. Problem formulation
2.1. The sandwich column
In the present study we analyze a sandwich column of length L, which has face sheets with thickness H and
core with thickness h (see Fig. 3). Both the face sheet material and the core material are taken to be isotropic
and linearly elastic. The face material is deﬁned by the Young’s modulus Ef and the Poisson’s ratio mf and the
core material is deﬁned by Ec and mc. In terms of non-dimensional parameters, the sandwich column is
speciﬁed by
H
H
h
Fig. 3. Speciﬁcation of the sandwich column.
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j ¼ L
2H þ h ; g ¼
h
H
; R ¼ Ec
Ef
; mf and mc; ð1Þ
where E ¼ E=ð1 m2Þ.
The column contains a debonded region of length, ‘0, located in the interval  12 ‘0 < x1 < 12 ‘0, x2 = 0 (see
Fig. 3). Along one interface (x2 = 0), the interface bonding is represented by a cohesive law. The cohesive law
is described in the next section.
The sandwich column has two geometrical imperfections: a global geometrical imperfection, dgl(x1), of the
column axis deﬁned by
dgl ¼ dglmax sin
2px1
L
 p=2
 
; ð2Þ
where dglmax ¼ dglðx1 ¼ 0Þ is the imperfection amplitude and a local geometrical imperfection, dloc(x1) of the
debonded face sheet given by
d loc ¼ d locmax sin
2px1
‘0
 p=2
 
; x1 2  ‘0
2
;
‘0
2
 
; x2 P 0; ð3Þ
where d locmax ¼ d locðx1 ¼ 0Þ is the local imperfection amplitude.
The perfect beam speciﬁed by (1) now has three imperfections speciﬁed by the non-dimensional parameters:
a ¼ d
loc
max
H
; b ¼ d
gl
max
2H þ h and n ¼
‘0
L
: ð4Þ
Owing to symmetry of the problem only one-half of the column, x1 2 [0,L/2], is modeled; the symmetry line
at x1 = 0 is ﬁxed in the x1-direction. Furthermore, the points (x1,x2) = (L/2,h  H) and
(x1,x2) = (0,h  H) are ﬁxed against displacements in the x2-direction. At x1 = L/2 the sandwich column
end is displaced by a uniform, incremental displacement in the x1-direction. The current end-shortening is
denoted DL = 2v1(x1 = L/2,x2).
2.2. Cohesive zone model
The interface between the face sheet and core at x2 = 0 is modeled using a modiﬁed version of the Tverg-
aard–Hutchinson cohesive law (Tvergaard and Hutchinson, 1993), see Fig. 4. The cohesive law speciﬁes the
dependence of the tractions rIt and r
I
n on the displacements ut and un. Here, un and ut are the normal and tan-
gential components of the displacement diﬀerence across the interface, while rIn and r
I
t are the corresponding
normal and shear stresses in the interface (see Fig. 4b). Let un and u

t be characteristic values of un and ut and
deﬁne a non-dimensional damage zone measure as:
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
un
un
 2
þ ut
ut
 2s
; un P 0 ð5Þ
Fig. 4. (a) The normal stress component, rn, under pure normal opening. (b) Deﬁnitions of the crack face openings.
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such that the tractions rn and rt drop to zero at k = 1. Then, as k is monotonically increasing the tractions in
the interface are given by (Tvergaard, 1990):
rIn ¼
un=un
k
rðkÞ and rIt ¼
ut=ut
k
un
ut
rðkÞ; ð6Þ
where r(k) denotes the interface normal stress under pure normal separation (ut  0). r(k) is given by a
trapezoidal shape that starts at r = 0 at k = 0 and increases linearly to a peak value r^ at k = k1. This stress
level is retained until k = k2 where after it decreases linearly to zero. For 0 < k < 1 this can be written as:
rðkÞ ¼
r^ kk1 for 0 < k 6 k1
r^ for k1 < k 6 k2
r^ k1k21 for k2 < k < 1
8><
>: ; for _kP 0 and k ¼ kmax; ð7Þ
where _k ¼ okoun _un þ okout _ut and _un and _ut are the increments of un and ut. kmax is the largest k attained through the
loading history. k = k(x1) constitutes a measure of the state of the interface at x1: For k < k1 the interface is
undamaged. For k1 6 k < 1 the interface is damaged and for kP 1 the interface has fractured.
In order to model non-monotonic opening, a linear unloading (see Fig. 4a) is used to represent the partly
damaged interface:
rIn ¼
un
un
rðkmaxÞ
kmax
and rIt ¼
ut
ut
un
ut
rðkmaxÞ
kmax
; k < kmax or _k < 0: ð8Þ
To resist face sheet penetration of the core (un < 0) we use a contact law where the normal stress is calcu-
lated according to (6)–(8), but with (6a) and (8a) replaced by
rIn ¼ knun; un < 0; ð9Þ
where kn is a stiﬀness constant.
The shear stresses are still given by (6) but with the dimensionless opening parameter deﬁned as
k ¼ ut=ut
 ; un < 0: ð10Þ
In the present study we use:
kn ¼ r^nk1un
: ð11Þ
The parameters governing the interface law are r^, un, u

t together with the shape factors k1 and k2. The work
of separation per unit area of interface (fracture toughness), C, is given by
C ¼ 1
2
r^un½1 k1 þ k2: ð12Þ
Equivalently the parameters can be taken as C, un, u

t , k1 and k2. In the present study we use u

n ¼ ut ¼ u. In
terms of non-dimensional constants the cohesive law is then speciﬁed by
C
EfH
;
u
H
; k1 and k2: ð13Þ
The shape of this cohesive law, (7), was originally suggested to represent the fracture mechanism of ductile
metals (Tvergaard and Hutchinson, 1992). Various other cohesive laws exist. For mixed mode interfacial
problems (like the present) a variation of the work of separation with opening mode could be included (Chai,
2003; Tvergaard, 1990). However, for simplicity we use a fracture model that has mode mixity independent
fracture toughness. This choice is also justiﬁed by the fact that the mode mixity for the present problem
changes only slightly during the face sheet separation.
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2.3. Global buckling of the sandwich column
The global buckling load Pgl of a sandwich column is not accurately predicted by the Euler-buckling load. A
more accurate solution takes into account shear deformation of the core (Allen, 1969; Fleck and Sridhar, 2002):
1
P gl
¼ 1
PE
þ 1
P S
; ð14Þ
where PS  AG, A = (h + H)2/h, G = Ec/(1 + 2mc) and PE is the Euler-buckling load
PE ¼ 4p
2EI
L2
; ð15Þ
where EI ¼ R HhH Eðx2Þx22 dx2.
Eq. (14) gives a fairly accurate estimate of the buckling load that is in agreement with numerical results. In-
depth discussions concerning global buckling of sandwich structures are found elsewhere (Bazant, 2003;
Bazant and Beghini, 2004).
If we recast (14) in a dimensionless framework Pgl can be expressed as:
P gl
HEf
¼ 4p
2gR
gðgþ 2Þ2j2Rþ 4ncp2I0
; ð16Þ
where I0 = (g
3R + 6g2 + 12g + 8)/12 is a non-dimensional second moment of area and nc = 2mc + 1.
As an approximate measure of the criticality of the two buckling modes we introduce the ratio:
R ¼ 
cr
loc
crgl
; ð17Þ
where crgl is the average-column-strain, DL/L, where global buckling initiates. 
cr
loc is an estimate of the average-
column-strain, DL/L, that results in buckling of the debonded face sheet. crloc is estimated from the Euler-buck-
ling load of a clamped–clamped column with the same length as the debonded face sheet:
crgl ¼
4p2Rg=A0
gðgþ 2Þ2j2Rþ 4ncp2I0
; ð18Þ
crloc ¼
p2
3ð‘0=LÞ2j2ð2þ gÞ2
; ð19Þ
where A0 = Rg + 2.
According to the conclusions by Somers et al. (1992), R < 1 can be used as a rough criterion for predicting
in which cases face sheet buckling is observable. We will compare this criterion with the numerical results
obtained in this study. Eq. (17) is also used to select sandwich columns for which R  1 since those are of pri-
mary concern in this study.
2.4. Computational method
The problem deﬁned in the previous section is solved using a large-strain ﬁnite element formulation. Eight
node isoparametric elements are used. A special Rayleigh–Ritz ﬁnite element method has been used to ensure
Outward buckling
of initially debonded 
face sheet
Fig. 5. The sandwich column fails by local buckling of the initially debonded face sheet when a = 0.01 and b = 0.01. The displacements
are scaled ·10.
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equilibrium solutions, also in the case of snap-back (i.e., when both end-displacement increments and load
increments change sign). More details concerning the computational methods can be found elsewhere (Tverg-
aard, 1990, 1976; Legarth, 2004a). The mesh used for the computations is shown in Fig. 5. A few calculations
were carried out using more dense meshes whereby it was shown that the solutions are not mesh-dependent.
3. Results
3.1. Model materials
In the present study we focus on a single model sandwich column that represents a sandwich structure of
practical engineering interest. The stiﬀness parameters of the structure are deﬁned by Ef=Ec ¼ 100 and
ms = mc = 0.3. The geometry of the structure is deﬁned by L/(2H + h) = 25, g = h/H = 8. The criticality factor,
R, (Eq. (17)) for a sandwich column with these parameters has been computed in Table 1 for diﬀerent crack
lengths. The present study will focus on cases where ‘0/L 6 0.1 which, according to (17), is equivalent to
R 6 1.52.
Unless otherwise mentioned, the following parameters are used for the cohesive law: The fracture toughness
of the interface is given by C = 106EfH. The critical separation in the cohesive law is un ¼ ut ¼ u ¼ H=10.
The initial part of the cohesive law (k < k1, see Fig. 4) gives some artiﬁcial compliance to the system, but it is a
numerical necessity in cohesive zone modeling (Schellekens and De Borst, 1993). Since the interface initially
has zero thickness, un and ut should remain zero until the damage stress (r^) is reached and damage starts to
evolve—until that point all deformation should be accommodated by the continuum around the interface.
However, in many engineering problems the extra ﬂexibility from the initial part of the cohesive law has only
minor inﬂuence on the solutions. In connection to the present study, a convergence study showed that the
solutions for the actual problem become practically independent the initial part of the cohesive law when
the slope, h (see Fig. 4), fulﬁlls
h ¼ r^
uk1
H
Ef
> 140: ð20Þ
Unless otherwise mentioned, the shape parameters are taken to be k1 = 0.01 and k2 = k1 + 0.40. This choice
of k1 ensures a cohesive law that fulﬁlls (20) and results in a solution that is practically independent of the
initial part of the cohesive law.
As an example consider a sandwich column with face sheets having Young’s modulus Ef = 70 GPa and
thickness H = 3 mm. Then, the cohesive zone parameters deﬁned above, correspond to C = 210 J/m2,
u* = 30 lm and r^ ¼ 1 MPa (the latter is found from Eq. (12)).
3.2. Imperfection sensitivity for sandwich column with perfectly bonded interface
As an introductory study, we brieﬂy investigate the imperfection sensitivity of a partially debonded sand-
wich column for the case where the interface outside the debonded region is perfectly bonded. Here, perfectly
bonded is deﬁned such that the interface should not be able to open outside the debonded region, i.e.,
un = ut = 0 for x1 62 [‘0/2; ‘0/2]. In practice, this is modeled by specifying the cohesive law with extremely
high values of C and u*:
C ¼ 102EfH ; u ¼ H  107; k1 ¼ 0:01 and k2 ¼ k1 þ 0:4:
Table 1
The criticality factor R for diﬀerent debond lengths
‘0
L R ¼
cr
gl
cr
loc
0.05 0.39
0.075 0.86
0.1 1.52
0.125 2.36
R.C. Østergaard / International Journal of Solids and Structures 45 (2008) 1264–1282 1271
These parameters fulﬁll (20) so only negligible opening will occur along the interface.
The inﬂuence of a, b and ‘0/L on the load-carrying capacity is shown in Fig. 6. On the vertical axis is the
compressive force per unit width, P, normalized by the buckling load, Pgl, predicted by (14). On the horizontal
axis is the column-end displacement, DL normalized with the column length L. In the preceding, DL/L is
referred to as the average-column-strain.
Results for three diﬀerent crack lengths and various combinations of imperfections are shown. We will now
outline the main ﬁndings. Taking for instance the case speciﬁed with ‘0/L = 0.04, a = 0.01 and b = 10
5, the
load increases with increasing end-displacement in a linear manner until the global buckling load is reached
near P/Pgl  1. At the global buckling load a sudden transition into the post-buckling regime appears. There-
after, continued end-displacement and buckling in the global mode takes place under constant load level (same
behavior as for an Euler-column). Identical behavior is seen for a sandwich column with the same debond
length and the same column axis imperfection but a larger local imperfection a = 0.05. Yet another case
has the same initial debond length (‘0/L = 0.04) and a local imperfection a = 0.01 but an increased column
axis imperfection, b = 0.01. In this case, the behavior only diﬀers from the two previous cases in the sense that
the transition into global buckling is smoother. For all three cases, mentioned above, the load reaches the glo-
bal buckling load despite the presence of the debond. This can be explained by studying the openings along the
debonded interface x1 2 [‘0/2; ‘0/2]: The debonded face sheet bends inwards (un < 0) and gets supported by
the core (via the contact law Eq. (9)) and therefore the column practically behaves like an intact sandwich col-
umn. In a case with ‘0/L = 0.04, b = 10
5 and a = 0.2 (i.e., a larger local imperfection compared to the three
previous cases) the behavior change fundamentally as a study of the openings along the debonded interface
x1 2 [  ‘0/2;‘0/2] shows. For this case, the debonded face sheet buckles outwards (un > 0). Furthermore,
the deformation path now displays a maximum load after which the load decreases monotonically. Conse-
quently, the column would be unstable in load-control, while under displacement control, it would exhibit
a stable response.
From Fig. 6 can be concluded that the magnitude of the local imperfection, a, has a large inﬂuence on
whether the debonded face sheet bends inward or outward. Results not included in Fig. 6 show that the larger
the column axis imperfection, b, the larger the local imperfection, a, must be to ensure that the face sheet buck-
les outward.
Focusing on the inﬂuence of the initial debond length, Fig. 6 show results for three debond lengths
‘0/L = 0.04, ‘0/L = 0.075 and ‘0/L = 0.1. The eﬀect of this is strong. From ‘0/L = 0.04 to ‘0/L = 0.075 the
maximum achieved load is reduced from approximately P/Pgl = 1 to approximately P/Pgl = 0.7. From
‘0/L = 0.075 to ‘0/L = 0.1 the corresponding reduction is only around 0.1. The results also show that the
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Fig. 6. Inﬂuence of the global imperfection parameter b and the local imperfection parameter a on the compressive strength of a sandwich
column with inﬁnite fracture toughness of the interface.
1272 R.C. Østergaard / International Journal of Solids and Structures 45 (2008) 1264–1282
curves are located closer together for longer debonds, i.e., the imperfection sensitivity decreases with increas-
ing debond length.
3.3. Imperfection sensitivity—eﬀect of debond crack growth
In this section we study the eﬀect of imperfections on a sandwich column where the interface properties are
speciﬁed according to Section 3.1:
C ¼ 106EfH ; u ¼ H=10; k1 ¼ 0:01 and k2 ¼ k1 þ 0:4:
For these interface parameters, the cohesive law constitutes a more realistic bonding between the face sheet
and the core.
We study the inﬂuence of the three imperfections ‘0/L, a and b. In the previous section, a brief, introduc-
tory, study illustrated that the sandwich column is strongly sensitive to the imperfections and that load-con-
trolled loading of the column would result in an unstable collapse. Furthermore, it was shown that for certain
combinations of the imperfections the debonded face sheet buckles outward; and for other combinations the
face sheet bends inward and is supported by the core. In this section we will start oﬀ by studying two cases that
result in outward buckling and inward bending of the face sheet, respectively. The two cases are speciﬁed with
imperfections given by
• Case (a): a = 0.01, b = 0.01 (outward buckling).
• Case (b): a = 0, b = 0.01 (inward bending).
The initial debond length is chosen as ‘0/L = 0.075 for both cases.
Fig. 7 shows the response of the sandwich columns for case (a) and case (b). On the vertical axis is load,
P/Pgl and on the horizontal axis is the average-column-strain, DL/L. Initially, the force rises in a linear manner
for increasing average-column-strain. When the load bearing capacity, Pcr, is reached both structures suﬀer
unstable snap-back collapse.
For case (a) the collapse takes place at the same time as the debonded face sheet buckles outward and the
interface fractures. Fig. 5 shows the deformed shape of the sandwich column just after the maximum load for
the structure was reached. The displacements are exaggerated by a factor of 10. The post-buckling response
can be divided into a number of stages as shown in Fig. 7: After the ﬁrst unstable stage (1. snap-back), where
0
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Computation 
stopped
1. snap-back
2. snap-back
load bearing 
capacity for
case (b) 
load bearing 
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Fig. 7. Load curves resulting from two diﬀerent combinations of the imperfections. In both cases the columns fails by a snap-back. The
sandwich column from case (a) failed by local buckling of the face sheet and the sandwich column from case (b) failed by interface sheer
fracture.
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debond crack growth initiates, the debond has extended to a length where a load increase is again required for
increasing end-displacement. Next, a second unstable collapse (2. snap-back) causes the debond to extend to
the ends of the sandwich column. The ﬁnal part of the response for case (a) consists of a horizontal segment
that corresponds to the buckling load of the fully debonded sandwich column.
The circumstances associated with the collapse of the sandwich column in case (b) are diﬀerent: In this case,
the debonded face sheet bends inwards and gets supported by the core. Therefore, the load continues to
increase and the sandwich structure is compressed beyond the failure level for case (a) where the face sheet
buckled outward. However, due to the geometrical imperfections, deformation in the global mode increases
as the global buckling load is approached. This makes shear stresses build up in the interface and eventually
interface shear fracture initiates near x1 = L/4. At that point the maximum load (or load bearing capacity),
Pcr, is also reached. In the following the term load bearing capacity and maximum load are used interchange-
ably. Hereafter the structure experiences unstable snap-back collapse as seen from the dashed line in Fig. 7
(The computation for case (b) was stopped just after the onset of crack growth). Fig. 8 shows a deformed mesh
from case (b) with the displacements scaled ·10. The load carrying capacity for the two structures are quite
diﬀerent; for case (a) Pcr/Pgl = 0.45 and for case (b) Pcr/Pgl = 0.77. However, the results for case (b) will be
sensitive to the presence of debonds located near the point where the interface shear fracture initiates
(x1  L/4). Therefore, to get a full understanding of failure mode for case (b), an additional imperfection
should be included near the shear fracture initiation point. This will however not be pursued in the present
paper; here we focus mainly on failure mode seen in case (a).
The transition between the failure modes in case (a) and case (b) takes place over a narrow interval of a and
b: For example, with ‘0/L = 0.1 and a = 0.01 the failure mode is outward buckling as in case (a) when
b = 0.02. When increasing the column axis imperfection to b = 0.021 the failure mode becomes as in case
(b). Also, inside the window of a and b combinations that result in outward buckling of the face sheet, a sig-
niﬁcant dependence on the values of a and b is seen. Fig. 9 shows the load bearing capacity, Pcr, normalized by
Pgl versus b for a range of a-values and diﬀerent initial crack lengths, ‘0/L.
Taking for instance, a = 0.01 and ‘0/L = 0.1, the load increases slightly in the interval b = 0 to b = 0.021.
In this range, failure starts by face sheet buckling and debond crack growth, a failure mode as in case (a). At
b = 0.021, the curve displays a rapid rise of the failure load to Pcr/Pgl = 0.76. This rise reﬂects the shift in the
failure mode to failure by global buckling and interface shear fracture (similar to case (b)). For b > 0.021 fail-
ure mode (b) develops and for increasing b (a = 0.01 still) the failure load decreases slightly. It is noted that the
curve segment corresponding to failure mode (b) is independent of the crack length and of a. This is because
the interface failure does not start at the initial debond.
Focusing on the failure associated with outward buckling of the face sheet (the part of the curves located to
the left of the jumps in Fig. 9), the sensitivity to a is pronounced; when increasing the face sheet imperfection
from a = 0.01 to a = 0.04 the maximum load, P/Pgl, is reduced from 0.93 to 0.66 for a case with ‘0/L = 0.05
and b = 0.0035. This reduction is much larger than the reduction caused by the column axis imperfection b.
The results in Fig. 9 predict that the buckling load of a perfect column (a! 0,b! 0) is slightly higher than the
buckling load,Pgl, predicted by (16). Thismay be explained by higher order eﬀects not captured by (14); for exam-
ple, as the beam is compressed the Poisson’s eﬀect increases the distance between the face sheets, this increases the
stiﬀness and the buckling load of the column. Furthermore, including a shear correction factor (Huang andKard-
omateas, 2002) may result in a more accurate prediction. For this study the observed deviation is not important.
Inward bending of 
initially debonded 
face sheet
Interface shear fracture 
takes place away 
from the initial debond
Fig. 8. When a = 0.0 and b = 0.01, the sandwich column initially deforms in a global buckling mode but an interface crack emerges due to
the shear stress in the interface. The displacements are scaled ·10.
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Another parameter that has a major inﬂuence on the load bearing capacity of the sandwich column is the
initial debond length ‘0/L. Fig. 10 shows the maximum load as a function of the initial debond length. The
curves consist of a horizontal line (constant P/Pgl) and a decreasing part for increasing ‘0/L. When ‘0/L is
below a critical value (and b = 0), the load reaches the horizontal line at Pcr/P
gl = 0.87, where interface shear
fracture takes place as a result of the global buckling, as in case (b). For ‘0/L-values exceeding the critical
length, failure mode (a) outward buckling becomes active and the load bearing capacity is rapidly reduced
for increasing ‘0/L. The critical value of ‘0/L is aﬀected by the imperfections a and b as is seen in Fig. 10: When
the face sheet imperfection, a, is increased the critical ‘0/L decreases. The column axis imperfection, b, has the
opposite eﬀect—when this is increased the critical ‘0/L-value also increases.
3.4. Detail study at the crack tip
It is of interest to investigate the behavior near the debond crack tip when the fracture process zone is mod-
eled by a cohesive zone. Fig. 11 shows the state of the interface as the sandwich column collapses in a case (a)
situation. Compressive load normalized by the global buckling load, P/Pgl, is on the vertical axis and the hor-
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Fig. 9. Inﬂuence of the global imperfection parameter b and the local imperfection parameter a on the compressive strength of the
sandwich structure.
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Fig. 10. Relation between crack length and maximum load the column can support.
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izontal axis shows the normalized distance to the mid-section, 2x1/L. First, focus on the solid line. This rep-
resents the correlation between the load and the location of the point in the interface at which damage is just
present (k = k1); in front of this point the interface is intact (k < k1). In the initial stage of the loading, the
entire interface in front of the initial debond is intact (k < k1) and no damage front is present. When the load
reaches P/Pgl = 0.25, the cohesive element just in front of the debond crack tip (x1 = ‘0/2) starts to develop
damage (kP k1); therefore, the solid line emerges at x1 = ‘0/2. As the loading continues the damage front
extends forward. At P/Pgl = 0.45 the load reaches a maximum and starts to decrease while the damage front
still continues to move forward. Now focus on the thin dashed line that shows the location of the crack front
(k = 1). When the load has decreased to P/Pgl = 0.38, k = 1 at the initial crack tip, so that the debond crack tip
starts to propagate. The horizontal distance between the solid line and the dashed line represents the current
length of the damage zone ‘DZ. For example, in Fig. 11, the length of the damage zone is ‘DZ  7H at the onset
of crack growth and it remains approximately constant in size throughout the collapse. From Fig. 11 it is also
seen that throughout the process the damage front and the crack tip propagate continuously forward.
Figs. 9 and 10 have shown that the P  DL relationship is signiﬁcantly inﬂuenced by the local imperfection
a. The dependence on the imperfection amplitude a may be attributed to the crack growth mechanism and the
development of a damage zone prior to collapse. In order to clarify this we study how a inﬂuences what occurs
at the crack tip.
In Fig. 12 the horizontal axis is the position of the damage front, x1/H, and the vertical axis is the load, P/
Pgl. The lines represent the location of the damage front (k = k1) for diﬀerent values of a. Taking for instance
a = 0.02 the damage front starts to form at the debond crack tip at x1/H = 18.75 when P/Pgl = 0.175. The
damage front then moves forward and when it is at x1/H = 26 the maximum load is reached and the load
starts to decrease. The results show that, for increasing face sheet imperfection, a, the length of the damage
zone at the maximum load, ‘^DZ; increases. At the same time the maximum load the column can carry
decreases. A physical explanation of this behavior is now proposed. Initially, the debonded face sheet acts
as an imperfect strut that has some rotational ﬂexibility at its ends, x1 = ±‘0/2. Since the interface is very rigid,
the rotational ﬂexibility at the ends results mainly from ﬂexibility of the core. However, as the sandwich col-
umn is loaded, the debonded face sheet bends outward and the interface tractions increase. Eventually, the
peak stress, r^, is reached and a damage zone starts to develop from the debond crack tip. The damaged zone
is softer and adds extra rotational ﬂexibility at the ends of the debond. This makes the face sheet deform like
an eﬀectively longer strut and the buckling of it takes place at a lower load.
Onset of 
crack tip 
propagation
Damage 
front
Crack front
initial 
crack tip
Damage front Crack front
Fig. 11. Location of the damage front (k = k1) along the interface is given by the solid line. Location of the crack front (k = 1) is given by
the dashed line.
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3.5. Inﬂuence of the non-dimensional interface fracture toughness on the overall response
The results in the previous section have shown how the debond growth results in a structure that is very
sensitive to imperfections and collapses by a snap-back mechanism. In this section we investigate how the
highly unstable collapse behavior of the sandwich column (illustrated in Fig. 7) is inﬂuenced by the non-
dimensional interface fracture toughness, C/EfH. The imperfections are as in case (a), i.e., a = b = 0.01.
The non-dimensional interface fracture toughness is modiﬁed by changing the critical opening u* and the
peak stress r^ proportionally, see Fig. 13a. For instance, to accommodate a factor / increase of C/EfH the
parameters r^ and u* are both increased by a factor
ﬃﬃﬃ
/
p
. Figs. 14–16 show the normalized compressive load,
P/Pgl, against DL/L, for diﬀerent non-dimensional interface fracture toughness values and diﬀerent initial
debond lengths. Results for values of C/EfH ranging from 10
6 to 1 are shown in the ﬁgures.
The example in Fig. 7 illustrated that the collapse comprised two snap-backs. The present results (Figs. 14–
16) show that increasing the values of the non-dimensional interface fracture toughness raise the post-buckling
response and ultimately it reaches a limit deﬁned by a curve for C/EfH!1. Along with this tendency,
increasing C/EfH also changes the characteristics of the ﬁrst snap-back. Taking for instance ‘0/L = 0.05
(Fig. 14), we see that as the fracture toughness is increased the slope of the curve right after the maximum
load is changed. Thus, the slope is negative for C/(EfH Æ 10
6) > 1000. From a practical point-of-view this
implies that the structure is stable under prescribed displacement. Taking instead ‘0/L = 0.1 (Fig. 16),
we see that while C/(EfH Æ 10
6) = 20 results in a snap-back, the snap-back has disappeared for
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Fig. 12. Inﬂuence of a on the damage zone developing at the debond crack tip.
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Fig. 13. Modiﬁcation of the cohesive law for the parameter studies: (a) The work of separation is modiﬁed by varying the critical
separation, u*, and the maximum cohesive stress r^ proportionally. (b) r^ and u* are varied inversely proportional so the work of separation
is kept constant.
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C/(EfH Æ 10
6) = 80. These two examples show the general trend that the longer the debond is, the less inter-
face fracture toughness is needed to ensure that it is stable under displacement-control.
The non-dimensional interface fracture toughness also inﬂuences the occurrence of a second snap-back. For
instance, in Fig. 15, the sandwich column with C/EfH = 10
6 experienced the second snap-back at
DL/L = 0.0018 whereas an interface with C/(EfH) = 40 · 106 increases this value to DL/L = 0.008 which also
is larger than the strain level at which the ﬁrst snap-back sets in (DL/L = 0.005).
3.6. Inﬂuence of the peak stress and the critical separation of the interface
In Figs. 14–16 the increase of the interface fracture toughness was accommodated by a proportional
increase of the interface parameters. In the present section the response of the sandwich column is computed
with diﬀerent combinations of the critical separation, u*, (see Eq. (5)) and r^ while C/EfH is maintained at a
ﬁxed value, see Fig. 13b. This way of varying the cohesive law represents the eﬀect of changing the type of
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Fig. 14. Response of a sandwich column with a debond of length ‘0/L = 0.05 and diﬀerent interface fracture toughness values.
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Fig. 15. Response of a sandwich column with a debond of length ‘0/L = 0.075 and diﬀerent interface fracture toughness values.
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fracture mechanism. The actual shape of the cohesive law may also have an appreciable eﬀect on the response
(see for instance Chai, 2003, who showed that the strength of a panel with a central hole depends somewhat on
the actual shape of the cohesive law). For this study, C/(EfH · 106) = 40 is selected to represent the interface
fracture toughness and the initial debond is selected as ‘0/L = 0.075. The results are shown in Fig. 17 for val-
ues of u* ranging from 0.1H to 2.5H. According to (12) each u* corresponds to one r^, see Table 2.
The results show that the load carrying capacity increases as u* decreases (and r^ increases). This trend may
be explained as follows: As described in Section 3.4 the ﬁnite deﬂection of the debonded face sheet prior to its
buckling, causes interface stresses to build up at the debond crack tip. When these stresses reach the peak
stress a softened damage zone starts to develop in front of the crack tip. This zone provides extra rotational
ﬂexibility and the debond buckling is pushed forward. However, when the interface peak stress, r^, is increased,
a larger ﬁnite deﬂection is needed to initiate damage at the crack tip and therefore the sandwich structure fails
at a higher external load level, despite the fact that the fracture toughness is unchanged.
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Fig. 16. Response of a sandwich column with a debond of length ‘0/L = 0.1 and diﬀerent interface fracture toughness values.
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Fig. 17. The response of a sandwich column with an interface fracture toughness of C/(HEf · 106) = 40. The curves represent diﬀerent
combinations of r^ and u*. Each u* corresponds to one r^, see Table 2. The maximum loads achieved are indicated by the arrows.
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Fig. 17 also shows that after the 1st snap-back, all curves coincide at a plateau level that is independent of
the actual combination of u* and r^. However, continued compression of the sandwich column causes the
curves to branch oﬀ depending on the actual combinations of u* and r^. Furthermore, the results show that
the 2nd snap-back occurs at higher strains as u* is decreased (or as r^ is increased).
4. Discussion and concluding remarks
This study considered the inﬂuence of a global column axis imperfection and a local face sheet imperfection
on the compressive strength of a sandwich column containing an initial debond. The results show a strong
dependence on the imperfections: The actual combination of the imperfections controls whether the debonded
face sheet bends inward and is supported by the core or if it buckles outward and triggers an overall collapse.
The type of failure mode selected has a major inﬂuence on the load bearing capacity of a sandwich structure.
In the case of inward bending, the face sheet does not buckle and the load continues to increase until another
failure mechanism limits the load bearing capacity. In the case of a perfectly bonded interface, that limiting
mechanism is global buckling. If the interface is able to fracture, the model predicts that interface shear frac-
ture limits the load bearing capacity. However, for a true sandwich structure other failure mechanisms may
limit the load bearing capacity, e.g., shear failure in the core, or yielding in the core. Also the face sheet
may fail because the compressive strength or the yield stress is exceeded.
Indeed, the amplitude of the face sheet imperfection, a, has a strong inﬂuence on the load bearing capacity
for the cases where the column fails by outward buckling of the debonded face sheet. For instance, for a
debond length ‘0/L = 0.05 and global imperfection b = 0.0035 the onset of failure is reduced from 93% to
66% of the global buckling load when the face sheet imperfection is increased from a = 0.01 to a = 0.04.
For a real sandwich column having a face sheet thickness H = 3 mm the diﬀerence between these values cor-
responds to no more than 90 lm. Face sheet irregularities of this order of magnitude are commonly encoun-
tered. When ﬁber reinforced polymers are used as face sheets a slightly unsymmetrical layup may have
imperfections of this magnitude or larger and would seem perfect prior to loading.
A physical explanation of the imperfection sensitivity was sought. A detailed study at the crack tip showed
how a damage zone develops from the debonded crack tip during loading of the sandwich column. The crack
tip damage zone corresponds to an eﬀectively longer debond and therefore the debonded face sheet reaches its
buckling load at a lower load, viz. the sandwich column fails at a lower load. The magnitude of the face sheet
imperfection has a signiﬁcant eﬀect on the extent of the crack tip damage zone and consequently also on the
buckling load of the debonded face sheet and the failure load of the sandwich column.
It is not possible to conclude that imperfection sensitivity is only introduced through the damage zone
development. As shown in Section 3.2 severe imperfection sensitivity is also present even if the interface is per-
fectly bonded. That was interpreted as interaction of buckling modes. In a general case, imperfection sensitiv-
ity may result from a complex interplay of buckling mode interaction and development of damage at the
debond crack tip.
In an experimental context, the imperfection sensitivity implies that severe scatter of the load bearing
capacity can be expected. Other structures that are very sensitive to imperfections such as circular cylindrical
shells also exhibit large experimental scatter. For these structures, the imperfection sensitivity has lead to the
practice of using a knock-down factor for the strength to achieve more useful engineering predictions of
strength (Brush and Almroth, 1975).
Table 2
Combinations of u*/H and r^=Ef that together with k1 = 0.01 and k2 = 0.41 provide an interface toughness value C/HEf = 40 · 106
u*/H r^=Ef
0.05 14 · 104
0.63 0.91 · 104
1.25 0.46 · 104
1.75 0.33 · 104
2.5 0.23 · 104
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The properties of the interface (the cohesive zone parameters) clearly has an inﬂuence on the overall col-
lapse response of sandwich structures. To understand the inﬂuence in greater detail, we investigated the eﬀect
of interface toughness on the collapse mechanism. Generally, increasing the interface toughness was shown to
have a stabilizing eﬀect on the collapse. In some cases, increasing the (non-dimensional) interface fracture
toughness changed the snap-back into a stable collapse, where both load and strain are monotonically increas-
ing. This was seen for the longest crack lengths analyzed, ‘0/L = 0.1, in Fig. 16. For the shorter crack lengths
(‘0/L = 0.075 and ‘0/L = 0.05, Figs. 14 and 15) increasing the interface toughness can change the snap-back
curve into an unstable curve that displays a continuously increasing end-displacement but a decreasing load
during the collapse. The curves in Figs. 14–16 show that as the initial crack length is increased a lower (non-
dimensional) interface fracture toughness is required to avoid the 1st snap-back.
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